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PREFACE. 


T.  «  foliowmg  pagoH  embrace,  in  the  nrnin,  the  substance 
of  lecturer  wh.h  for  «ome  year,  p.st  I  have  been  giving 
to  student,  of  applied  science.  Fragments  of  this  worf 
iZ  tr^h      ^**-T  *«/*'"'-*«  *«  *'">'"  a  general  know. 

terl'  !;f  7^^"?  '};'''  ^^'^  l^gi""^'-  «hould  not  think  the 
terms    'Analytical   Geometry"  and   "Conic  Sections"  are 
synonymous.     Analytical    Geometry  is    the   application  of 
Analysis,  or  algebra,  to  Geometry,  the  principal  quantities 
involved   m   the  equations  having  refe..nce  Tand  r«=ei^ 
ing  their  meaning  from  certain   lines   known  as  axes  of 
c<>-ord.„ates,  or  their  equivalents.     The  principles  of  Ana- 
lytual   Geometry  are  developed  in  the  first  two  chapter, 
of    his  book.     It  „  usual  to  iUustn^te  these  principles  by 
applying  them  to  the  straight  line,  and  to  obtaining  the 
properties  of  the  simplest  yet  most  important  curves  with 
which  we  are  acquainted.-the  Conic  Sections.     Hence  the 
^mainder  of  the  book  is  occupied  in  applying  the  principles 
and  methods  of  Analytical  Geometry  to  the  straight  line, 
circle,  parabola,  etc.  °  ^ 

Throughout  the  effort  has  been  to  limit  the  size  of  the 
book,  whde  omitting  nothing  that  seemed  essential.     Many 

solutions  being  made  simple  by  the  insults  of  previous 
exercises,  as  well  as  by  hints  and  suggestions.  These  hint, 
and  suggestions  v^ill  be  found  of  very  frequent  occurrence  in 
the  exercises;  they  seem  necessary  to  student,  beginning  a 
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It 


Prepacb. 


•ubject,  with  whom  the  uaual  qumtioii  U,  "How  shaU 
I  start  the  problem  t"  In  .ddition  it  aeema  wiiie  to  owke 
the  exerciiies  euy  by  oflbring  suggestionis  rather  thui  to 
make  them  e««y  through  their  being  mete  repetiUona  of  the 
Mune  problem. 

Several  of  the  articles  in  the  chapter*  on  the  parabola  and 
elUpM  will  be  found  to  be  almost  verbatim  copies  of  the 
corresponding  articles  in  the  chapter  on  the  circle,  the  object 
being  to  impress  on  the  student  the  essential  uniformity  of 
the  methods  employed. 

I  take  the  Uberfcy  of  suggesting  that  institutions  where 
the  comes  are  studied  should  be  provided  with  accurately, 
constructed  metal  discs  for  drawing  the  curves.  A  Urge 
part  of  the  beauty  and  attractiveness  of  the  subject  is  lost 
when  figures  are  rudely  and  carelesaly  represented.  The 
majority  of  students  can  best  realize  and  be  made  to  feel  an 
interest  in  the  analytical  demonstration  of  a  proposition 
when  it  has  been  preceded  or  foUowed  by  an  imitrumental 
proof  of  the  probability  of  its  truth. 

Urivibsity  of  Toronto,  ^ 

Decem'  ir,  1904. 
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ANALYTICAL  GEOMETRY. 

CHAPTER  I. 

WSmoH  OP  A  POINT  IN  A  PIANE.    «M)RDIHAm. 


taietg  To  "'Co  *"'  ""■  ""'»  "^'  <"»^'  »■ 
^.„:     "»  '^^  ^'     On  Ox  measure  ON  of  lenc-fh  21 

«ia  or  length  16  millimetres.    We  arrive  evidenUy, 


JC* 


cmicA  ^^       '**'  '"*'*  *^'  y<V  w  c«M». 

Again,  we  reach  the  same  Doinfc  p  ;#  ,      *  i 
0^.  ON^  23  millimetres,  on  (ToV     ir       ,r'^'  °° 
and  through  JT and  MlrZ^P^^'  16  ffliUimetres, 
"«Peotively,  intersecting  in  P  '  ^^"'^  '^  ^^'  ^ 
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We  have  thus  a  lueaus  of  representing  the  position 
of  a  point  in  a  plane,  with  reference  to  two  intersecting 
lines  in  that  plane. 

Draw  two  lines  zOx'.  yOy',  intwraecting  at  any  angle,  and  locate 
with  reference  to  them,  as  above,  the  point  P  in  the  following  cases  t 

OiV=iin..  JVP=lJin.;  O.V=48mm.,  JVP=35mm.;  OJV-0, 
^P=ljin.5  OA^=27inm..  AV=0  5  OX=0.  XP=Ot  OJV-liin.. 
■»P=l/fin.;  etc. 

2.  Each  of  the  lines  ojOf',  yOy',  however,  has  two 
Bides;  and  if  we  are  told  only  the  distances  of  a  point 
from  each  of  these  lines,  in  direction  parallel  to  the 
other,  then  the  point  may  occupy  any  one  of  four 
different  positions,  P^,  P^  P„  p^,  as  illustrated  in  the 
following  figure: 


JC' 


Ps 


N' 


M 


T 


N 


P4 


To  get  rid  of  this  ambignity  the  signs  +  and  - 
are  introduced  to  indicate  contrariety  of  direction. 
Thus  lines  measured  to  the  right,  in  the  direction  Ox, 
are  considered  positive^  and  lines  measured  in  the 
opposite  direction  (V  are  considered  negative;  lines 
measured  npwards,  in  the  direction  Oy,  are  considend 
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pantive,  and  liuos  measured  in  the  opposite  direction 
UjT  are  considered  negative. 
Hence  for  P„  OX  is  +ve,  and  JTP.  +  wj  for  P.  OiT 

J'  "p'  n^  ^'^'-'''''  '°'^-  <^^  «  -re,andirp%rei 
for  P„  OiV  is  +ve,  and  JVP.-m.  '       ' 

Draw  two  lines  xOy,  yOy'.  intersecting  at  any  angle,  and  locate 
with  reference  to  them  the  point  P  in  the  following  cL.  ^  S 
the  line  from  P  to  xOA  parallel  to  y(y :  * 

3.  The  line  arOt'  is  caUed  the  axis  otx,  and  fOj/  the 
axis  of  y;  together  these  lines  are  caUed  the  axes  of 
co-ordinates. 


•cci^y 


N 


y 

When  «(V,  y(V  are  at  right  angle,  to  each  other, 
they  are  spoken  of  as  rectangrular  axes;  when  not  at 
right  angles  as  oblique  axes.  Throughout  the  foUow. 
ing  page«  the  axes  will  be  supposed  rectangular  unles. 
the  contrary  is  indicated. 

The  point  0  is  called  the  origin. 

The  length  Oifis  called  the  abscissa  of  the  point  P 
•nd  u  generaUy  denoted  by  x  j  the  length  XP  iTcaUed 
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the  ordinate  of  P,  and  is  gtuerally  denoted  by  y.    To. 
gether  x  and  y  are  called  the  CO-ordinates  of  P. 

The  point  P  is  indicated  by  the  form  {x,  y),  the  ab- 
scissa  being  written  first.  Thus  (-3,2)  means  the 
point  reached  by  measuring  3  units  along  Ox',  and 
2  units  upwards,  in  direction  parallel  to  Oy. 

The  preceding  method  of  representing  the  position 
of  a  point  in  a  plane,  with  reference  to  two  axes,  is 
known  as  the  method  of  Cartesian  co-ordinates. 

Exercises. 

1.  Draw  two  axes  of  co-drdinates  at  right  angles  to  each  other,  and 
locate  the  following  points,  the  unit  of  length  being  a  centimetre : 

(2,  -3);  (S,  1);  (-4.  -5);  (0,  -4);  (3.0);  (-3.  1). 

2.  In  the  preceding  question  the  origin  and  axis  of  x  remaining 
unchanged,  but  the  angle  between  tue  axes,  i.e.,  the  positive 
directions  of  the  axes,  being  60%  find  the  new  co-oidinates  of  the 
above  points  already  placed. 

3.  Keeping  to  the  origin  and  axes  of  Exercise  2,  place  the  points 
(2,  -3);  (5,  1);  (-4,  -5);  (0,  -4);  (3,0);  (-3,  1). 
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4.  To  express  the  distance  between  two  points  in 
taxms  of  the  co-ordinates  of  the  points. 


i 


JC'.JCz 


y-yt 

Q 


N2 


Let  Pj  (x„  y,)  aud   P,  (x^,  y^    be   the  two   pointB. 
Draw  Pj,^  parallel  to  Ox. 

Then  Oiri  =  x„  A"iPi=.y„  Oir,-:c„  JT^.-y^ 

gP,  =  P.ir,  -  giV>P^jr,  -  P^,.y^_y^ 

Hence  PiPj,2-P,Q»+gPjS, 

-(^i-«2)*+(yi-y3)«; 
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Exercises. 

1.  Fjnd  the  distance  between  the  poinU  (1,  2)  and  ( -  3,  - 1). 
.nU^Zfr*"  ?"  P»'»*- <2'-2).  (-2,2).  (2^3.  2V3)  form  the 

r2M^r2M-v3r2r  ^-  -  <^»  -^ "-  ^••- 

Jic^t^u"*  ^*'  ""lu"^  ^'*'  *^  ^'"«^  «*^"'  ««»  '^«  «*«  point- 
which  with  these  are  the  anguUr  points  of  two  equilateral  triangles. 

I  \  ?v  !l!*  ^'"*  ^*'*''  ^  «l«'di»t*nt   from    the  points  (4.-5), 
( -  3,  2),  then  are  *  and  y  connected  by  the  reUtion  «  -  y  a  2. 
&  Show  that  the  points  (3,  1).  (0,-3).  (-4.  0).  (-1.  4)  form  the 

r^l^'  *  **'"'*'    ^^""^  ''**  "**"■  *"  *»"*'•  •"'*  "^ 

e.  Show  that  the  points  («.  3),  (6,  0).  (0.-2),  (-1,  1)  «,  the 

Ti^C^',""*^    nWthatop^te.ide.«,«,„a,. 

anL?"'"  •  '!"*  /•**  *"'!!*■  ^*'  *>•  ^  -2''  <"'  -  »>•  <»•  2)  'onn  the 
angaW  point,  of  a  parallelogram.  [Piwe  that  oppo«te  sides  are 
equal,  and  dugonals  unequal  ] 

8.  Exp  ^  by  an  equation  the  conditioD  that  the  point  (x,  y)  is  at 
•  distance  3  from  the  point  (-1,2).  .y^'"** 

9.  A  line  whose  length  is  13  has  one  end  at  the  point  (8. 3).  and 
the  other  end  at  a  point  whose  absoiasa  is  -  4  What  is  the  oidinate 
of  this  end  ?  «*•««« 

la  Find  the  distance  '.atween  two  pdnts  P*  (x*.  y^  and  P*  (•  •) 
the  aM.  b*ig  oblique  and  inclined  to  one  anotiMr  at  an  angle\a 
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5.  To  find  the  c<H»rdinatet  of  a  point  which  divides 
the  ttnlght  line  joining  two  Tjiven  points  in  a  given 
ratio. 


I^t  Q  («,  y)  be  a  poiut  dividing  the  straight  line 
joining  the  points  P,  (x„  y,)  and  P,  {x^  y^)  in  the  ratio 
m :  n.    Complete  the  figure  as  in  the  diagram. 
Then  m  :  n  =  P,Q  :  QP^  =  p^R  ;  rs^  x^m  .  ^^^ 

=  x-x^'.x^-x^, 
:.m{x^.x)  =  n{x-x,); 


or  X: 


m  +  n 


Also,  m  :  n  =  P^Q  :  QP^  =  STiTP, ,  RQ  :  TP^ 

.'.  »»(y»-y)  =  »(y-yi); 
wj^+ny, 


or  y. 


m  +  n 


Cor.    If  Q  bisect  the  line  P,P^  then^-i  te+auV 

y=Hyi+y^.  .  t  v*i+«i;. 
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If  PiP^  be  divided  exteniaUy  in  </  (jt,  y),  so  that 
Pi^  :  Pa^  =  m  :  n,  then 

:.m{x-z.^)  =  n{x-J^^)^, 
mr.,  -  WJ-, 


or« 


m  -  n 


Similarly  y^'-^'?^^--^'. 
m-n 


The  co-ordiuates  of   q  m&y  also    be    obtained    as 
follows: 

Since  P,Q':P.,Q'  =  m:n; 
::P,(/:(/P,=m:-H; 
i.e.,  P^P,  is  divided  at  q  in  the  ratio  -  -.    Hence,  sub- 

stitutmg  -  -  for  -  m  the  expressions  for  the  co-ordi- 
nates  of  Q,  the  co-ordinates  of  Qf  are  obtained. 

Exercises. 

1.  Find  the  coorflinates  of  the  middle  points  of  the  sides  of  the 
triangle  whose  angular  points  are  (2,  -  3),  (3,  1),  (  -  4,  2). 

2.  A  straight  line  joins  the  points  (3,  4)  and  (5,  -2)  •  find  the 
co-ordinates  of  the  points  which  divide  the  line  into  three  eaual 
parts.  ^ 

3.  Two  points,  P,  (x„  y,)  and  i>,  (x,,  y,),  are  joined ;  find  the 
co-ordinates  of  the  n  -  1  points  which  divide  P,  P,  into  n  equal  parts. 

4.  From  a  figure,  without  using  the  formulas,  find  the  point  which 
divides  the  Une  joining  (2,  1),  ( -  4,  -  5)  in  the  ratio  3  :  4.  Verify 
your  result  from  formulas. 

5.  From  a  figure,  and  also  from  the  formulas,  find  the  points 
which  divide  the  line  joining  (3.  1)  and  (7,  4),  internally  and 
externally,  in  the  ratio  3:2. 

6.  Show  by  analytical  geometry  that  the  figure  formed  by  joining 
tbe  middle  points  of  th«  aides  of  any  quadriUteral  is  a  parallelogranL 
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[SoppoM  the  anguUr  poiuta  of  the  quadrilateral  are  (*,.  ».)  (x.  y  \ 
(«^.y.).(*..y.).    Thenthemiddlepoint-aren(x.+;,,);ji;.;%T: 

noLtTr;*!""'^'"^'^  "!*'  '*'*  "*"*«•'*  ""-  ^»>*''»>  i™**  the  middle 
r^  ii  "''P**'*"  '"''"'  "'  '"^  quadriUtetul  bisect  each  other. 
(Theco.ord.„at«,  of  the  middle  po.nt  of  the  line  joining  the  middle 

pitr::^:s:si^^:^i:^- sttSr-  ^"  -^'^'^ 

H.t  ^'iir?'^''f '^  *•**  *''*  "•**^'''  »«*"*  °*  *»>•  hypotenuse  of  a 
nght-angled  tnangle  »  equidistant  from  the  thn«  angles.    [Take 

angle  IS  at  the  origin.]  • 

10.  If  the  angular  points  of  a  triangle  ABO  be  (x„  v.),  (x„  y,). 
(*  y^.  show  that  the  co-ordinates  of  the  point  dividing  in  tl^raUo 
2  1  the  hne  joining  ^  to  the  middle  point  of  BC are  J  lx,^z,+z,), 
•  vi+w+yi). 

*v      .f tf'  *°^  •«»»lyticaUy  that  the  madiana  of  any  triangle  pass 
titnm^  the  aame  point.  w»ugw  pus 
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4 


6.  To  ezpreas  the  area  of  a  triangle  In  terma  of  tha 
co-ordinatea  of  Iti  angular  points. 


N  X 


Let  the  angular  points  of  the  triangle,  A,  B,  C,  be 
K»  »i),  («a,  yj),  («»  y,)  respectively.    Complete  the  figure 
by  drawing  the  ordinates  of  the  angular  points. 
Then  ±  A  ABC^BMLA  +  ALNC  -  BMKC 

Similarly  ALNC^l{y,^y^)(^x,-x,)', 

Hence  ±A^5C=i{(y,  +  yj(^^_^,)  +  (y^,.y^)(^^.^^) 

-iyi+yt){xt-z^)), 

=  ik(y2-y«)  +  a;j(y,-y,)  +  ar,(yj-y^)}, 
that  sign  being  selected  which  makes  the  expression 
lor  the  area  a  positive  quantity. 
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Exercises. 

a  Find  th«  area  of  the  triangle  whoee  angular  poinU  are  ( -  4,  -  S), 

\~  a,  H),  (1,    -  1). 

J:J^f^  !f %'"!™;''*  °^  «  ®  *•'•'"  -^  '"  '■"  *'"' «««»'«»  quadrant.  B  in 

4.  Without  using  the  formub.  but  employing  the  method  of  |6. 
find  the  are.  of  the  triangle  who«  .nguUr  points  are  (1.  8).  (4.  6^ 
(  -  3,  -  2).     Verify  by  use  of  formula.  '•*."/. 

W,  7),  ( -  2,  -  a),  show  that  these  poinU  must  lie  on  one  straight  line. 

«.  Find  the  area  of  the  triangle  whose  angular  points  are  (I.  2). 
I  ~  »i  *)i  (Iff  y).  '    ' 

♦I.  f  J""*  ."P"*"  *»>•  ">*«on  that  must  hold  between  x  and  y 

:S:  piilT;  2u  -17 ''' ""'''''''  ""^  '"•  '*"*«••* ""«  i'^'-^'i 

7.  Employ  the  formula  of  1 6  to  verify  the  truth  that  triangles  on 
the  «me  base  and  between  the  same  parallels  are  equal  in  area. 

the  third  at  the  point  (x.  6)  where  x  is  a  variable  and  6  a  constant.] 

.t^iJ.uU'"*  *'•  ^'"'' '"' '''''  '*• ''''''  <'•  -^*'  -  -  -• 

9.  If  the  point  (X,  y)  be  equidistent  from  the  points  ( -  2.  1).  (3  21 
then  «x+y=4;  .!«,  if  the  point  (x.  ,,)  be  ^uidisUnt  f ^^  S 
point*  (1,  -  2).  (3.  2).  then  x+ 2y =2.  rom  uie 

fromtb6threepoint8(-2,  1),  (3,2),(1,  -2). 
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Polar  Co-ordinatet. 
7.  Thew  are  several  ways  of  representing  the  position 
of  a  point  in  a  plane,  in  addition  to  the  method  of 
Cartesian  co-ordinates.    One  of  these  is  the  following, 
known  as  the  method  of  Polar  Co-ordinatei. 


.  If^.  ?  •  **®^  ^"®  "»  *^®  P^ne,  caUed  the 
Initial  llnei  and  O  a  fixed  point  in  this  line,  called 
the  origin.  Then  the  position  of  a  point  P  in  the 
»iane  is  evidently  known,  if  the  angle  POx  and  the 
length  OP  be  known. 

OP  is  caUed  the  nuUiu  vector,  and  is  nsnaUy  de- 
noted  by  ♦•;  POx  is  caUed  the  vectorial  angle,  and 
fa  nsnaUy  denoted  by  $.  Together  r  and  tf  are  caUed 
*e  palar  co-ordinates  of  P;  and  the  point  P  is  in- 
dioated  by  the  form  (r,  9). 

The  angle  $  is  considered  positive  when  measured 
ftom  Or  m  a  direction  contrary  to  that  in  which  the 
hands  of  a  watch  revolve,  and  negative  if  measured 
in  the  opposite  direction. 

The  radius  vector  r  is  considered  positive  if  measured 
from  0  along  the  bounding  line  of  the  vectorial  angle 
and  negaHve  if  measured  in  the  opposite  direction  ' 
Thus  the  co-ordinates  of  P  are  r,  ^;  or  r,  -(2»-tf). 
or-r,»  +  tf;  or  -r,  -(r-«).  The  co-ordinates  of  P 
•wr,  »  +  *j  orr,  -(»-•);  or  -r,  tf,  or -r,-(2»-^ 
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ExereiiM, 

J.  Locate  the  following  pointii! 

(-••-:)■(•.-?)• 

C.rtc8.»n  co-ordinate.,  then*.rco.#.y=r.ln#r  *•  "  "* 

3.  If  (r.  ^.   (^,  r)  be  til 
between  them  is 

r»+r«-arf'co.(#-n 


ut^  th.  .qiur.  of  th«  '"tUmm 


CHAPTER  n. 

EQUATIONS  AND  LOCI. 


I.  Equations  of  Loci  or  Cniplu. 

a  Any  line  constructed  under  fixed  instructiont. 
or  in  acc^ncB  mth  some  law,  consists  of  a  series^ 
points  whose  positions  are  determined  by  such  instrnc 

TLZ^^'  ^\^  ""'  '^  "««^«^  *^«  *«"»  locus 
or  graph  w  usually  applied.    The  expression  of  this 

law  m  algebmc  language,  under  principles  suggested 
by  the  preceding  chapter,  creates  an  equation  which 
we  yeak  of  as  the  equation  of  the  line,  locus,  or 
graph.  The  thought  here  expressed  in  general  Ian- 
guage,  will  be  made  clearer  by  a  series  of  illustrations, 
which  we  proceed  to  give : 

Ex.  1.    Through  a  point  N  on   the  axis  of  x,  at 
distance  +2  from  the  origin,  draw  AB  parallel  to  the 


1 


N 


B 


X 


axis  of  yj  ie.,  construct  a  locus  every  point  of  which 
to  at  distance  +2  from  the  axis  of  y.    Then  while 

80 


i 


I 
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tte  ordinates  of  points  on  AB  vwy,  eveiy  point  hw 
the  same  abscissa,  namely  +2.  If  therefore  we  con. 
sider  the  Une  AB  in  connection  with  the  equation 
»=2,  or  «-2  =  0,  we  see  that  the  'jo-ordinates  of 
evey  point  on  AB  satisfy  this  equation.  Hence 
«-2  =  0  IS  said  to  be  the  equation  of  the  line  AB, 
since  It  is  an  algebraic  representation  of  AB  In  the 
sense  that  the  co-opdlnates  of  every  point  on  AB 
satisfy  this  equation,  and  the  value  of  x  (and 
values  of  y)  which  satisfies  this  equation  corpesponds 
to  points  on  AB.  *^ 

If  we  write  the  equation  in  the  form  «+0y-2-0 
the  satisfying  of  it  by  x-2  and  varying  values  of  y 
perhaps  becomes  clearer. 

Ex.  2.  Through  a  point  M  on  the  negative  part  of 
the  axis  of  y,  at  distance  3  from  the  origin,  draw  CD 
paraUel  to  the  axis  of  x.    Then  while  the  abscissas  of 


M 


N 


points  on  CD  vary,  every  point  has  the  same  ordinate, 
namely  -3.  If  therefore  we  consider  the  Une  CD  in 
connection  with  the  equation  y-  -3,  or  y+ 3-0,  we 
see  that  the  co-ordinates  of  every  point  on  CD  satisfy 
this  equation.  Hence  y  +  3  =  0  is  said  to  be  the  equation 
of  the  line  CD,  since  it  is  an  algebraic  reprewntation  of 
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CD  in  the  sense  that  the  co-ordinates  of  every  point 
on  CD  satisfy  this  equation,  and  the  value  of  y  (and 
values  of  x)  which  satisfies  this  equation  corresponds 
to  points  on  CD. 

Ex.  3.  If  through  the  origin  we  draw  a  line  UF 
making  an  angle  of  45*  with  the  axis  of  x,  at  every 
point  of  this  line  y  is  Wjiial  to  x,  being  of  the  same 
magnitude  and  sign.  Therefore  the  co-ordinates  of 
eveiy  point  on   JEF  satisfy   the   equation  «-y,  or 


«-y-0.  Hence  aj-y-0  is  said  to  be  the  equation 
of  EF,  since  a!-y  =  0  is  an  algebraic  («.e.,  analytical) 
representation  of  :EF,  and  EF  is  a  geometrical  repre- 
sentation of  x-y-0,  in  the  sense  that  the  co-ordinates 
of  every  point  on  EF  satisfy  aj-y-O,  and  each  pair 
of  real  values  of  a:  and  y  which  satisfy  the  equation 
are  the  co-ordinates  of  a  point  on  EF. 

It  thus  appears  that  at  all  events  in  the  cases  which 
we  have  considered,  lines  may  be  represented  by 
means  of  equations  between  two  variables,  the 
meaning  being  that  each  pair  of  real  roote  of  an 
equation  represent  the  co-ordinates  of  a  point  on  its 
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line,  and  the  co-ordinates  of  any  point  on  a  line  satisfy 
Its  equation.  We  proceed  still  farther  to  illustrate  and 
generalize  the  statement  in  black  face. 

Ex.  4.  Take  a  point  A  on  the  positive  direction 
of  the  axis  of  x,  at  distance  5  from  the  origin,  and 
through  A  draw  BO  making  an  angle  of  45*  with  Oe, 
anc  uttingOyinD.    Then  for  the  point  P,  which  ib  ay 


C/f-   ■^' 


point  on  the  section  AB,  5  -  OJIT-  AJIT-  ON"-  JTP-  «  -  « 
For  the  point  i",  which  is  any  point  on  the  section 

^A5-0ir  +  A'A-0iir  +  i>'jr'  =  z  +  (-y),  since  at  P,* 
18  negative,  and  therefore  -ij  positive.  For  P*,  which 
is  any  point  on  the  section  DC,  ^•^irA-N'0=F'N' 
-  JT'O  -  -  y  -  ( -  «),  since  at  P",  x  and  y  are  both  negative, 
and  therefore  -«,  -y  both  positive;  hence  5=x-y 
Therefore  throughout  the  line  J5(7the  equation  «-y«5 
represents  the  relation  between  the  x  and  y  of  any 
point.  And  on  the  other  hand  all  pairs  of  real  values 
of  X  and  y  which  satisfy  the  equation  represent  point* 
on  £(7  {  for  give  to  «  in  the  equation  any  value,  aay 
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that  represented  by  OiT,  then  the  equation  give,  for 
Jf  the  value  y-ON'-^o,  which  is  N'P:  We  say  then 
that  «-y-5  is  the  equation  of  BG. 

Ex.  5.  Take  points  A  and  B,  on  Or  and  Ou 
respectively,  at  distance  6  from  the  origin,  and  throujrh 
them  draw  the  straight  line  AB.    Then  for  the  pokit 


P,  whidh  is  any  point  on  the  section  AB,  6  -  OJr+  ITA  = 

ON+NPy^y  For  the  point  P',  which  is  any  point 
on  the  section  AD,  6=^0ir -AIT^  ON'-FN'=z-{  y) 
-«+y,  since  at  P',  y  is  negative,  and  therefore  -y 
positive  For  the  pointP-.  which  is  any  point  on  the  sec- 
tion  BO,  ^-N'A.N'O^N''P'^N''0^.i^.^T: 
«nce  at  P-,  x  is  negative,  and  therefore  -x  positive! 
Therefore  throughout  the  Une  CD,  the  equation^  +  «  =  6 
represents  the  relation  between  co-ordinates  of  any 
point  And  on  the  other  hand  aU  pairs  of  re^ 
values  of  x  and  y  which  satisfy  the  equation,  when 
viewed  as  co-ordinates,  conduct  us  to  points  on  CD- 
for  give  to  X  in  the  equation  any  value,  say  that 
represented  by  ON',  then  the  aqaation  gives  for  f 
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the  value  y.6-0ir,  which  is  JTP-.    We  say  then 
that  a;+y-6  is  the  equation  of  CD. 

Ex.  6.  With  the  origin  as  centre  and  radius  7  de- 
scribe a  circle.  Then  while  the  abscissa  and  ordinate 
of  a  point  in  this  circle  vary  continually  as  the  point 


y 

J!^ 

(X 

1 

■■^^B 

^ 

I 

r 

7? 

r 

3 

T 

"""^ 

travels  along  the  curve,  they  are  nevertheless  always 
connected  by  the  rektion  «2  +  y«  -  49.  Hence  x^  +  jf^-  49 
18  said  to  be  the  equation  of  thU  circle,  for  it  is  the 
analytical  representation  of  the  circle  in  the  sense  that 
the  co-ordina*es  of  every  point  on  the  circle  are  bound 
by  the  relation  z^  +  y^^i9,  and  every  pair  of  real  values 
of  «  and  y  which  satisfy  the  equation  are  represented 
by  the  co-ordinates  of  some  point  on  this  circle. 

Ex.  7.  Frequently,  without  constructing  the  locus 
geometricaUy,  we  may  express  algebraicaUy  the  kwof 
the  locus,  and  so  obtain  its  equation.  Thus,  suppose  we 
are  roquired  to  find  the  equation  of  the  locus  of  a  point 
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which  moves  so  that  its  distance  from  the  point  (a,  o)  is 
equal  to  its  distance  from  the  axis  of  y.    Let  P{x,y)he 


any  point  on  the  locus,  and  F  the  point  (a,  o).    Then  we 
express  the  law  of  the  locus  when  we  write 

FP^MP, 
or  FP^=MP», 
or(a!-a)2+y8«xi. 

Hence  y«-2aa:  +  a«-o  is  the  equation  of  the  locus. 

whose  geometrical  form  is  a  matter  for  further  invest?, 
gation. 

It  may  here  be  stated  that,  as  we  advance  in  the 
subject,  It  wiU  appear  that  all  the  properties  of  a  curve 
are  latent  in  its  equation,  and  wiU  reveal  themselves 
as  smtable  examinations  or  analyses  of  the  equation  are 
made. 

II.  Loci  or  Graphs  of  Equationg. 

9.  In  the  preceding  illustrations  we  have  placed  a 
locus  subject  to  certain  conditions,  and  have  shown  that 
there  is  an  equation  between  two  variables  corresponding 
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The  converse  operation  is,  given  an  equation  between 
two  variables,  to  show  that  there  is  a  locus,  or  irranh 
corresponding  to  it.  i.e.,  such  that  all  pairs  of  real  roots 
of  the  equation  correspond  to  the  co-ordinates  of  points 
on  the  locus,  there  being  no  points  on  the  locus  whose 
co-ordmates  are  not  pairs  of  real  roots  of  the  equation. 
In  dealing  with  this  other  side  of  the  proposition  we 
shall  begin  by  solving  the  equation,  thus  finding  a  suc- 
cession of  pairs  of  real  values  of  x  and  y.    We  shaU 
then  construct  the  corresponding  points,  in  this  way 
arriving  at  individual  members  of  an  infinite  series  of 
points  which  form  a  locus  or  giaph.    After  a  few  iUus- 
trations  we  shaU  feel  ourselves  justified  in  saying  that 
to  every  equation  involving  two  variables  there  corres- 
ponds  a  locus  or  graph. 

q.!l^'  1 J^'  ^,«^'^«^^«'-  *te  graph  of  the  equation 
<w  +  4y-lJ,  *.e.,  the  succession  of  points  whose  c<M)rdin. 


ates  are  pairs  of  roots  of  this  equation.    Both  variaMeg. 
»  and  y.  appear  in  this  equation.    By  giving  to  »^ 
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succession  of  values,  0, 1, 2, 3, ... ,  and  solving  for  y,  we 
shall  obtain  the  pairs  of  values  we  seek,  as  follows: 
«-0,y-3;  a;-l,y-2};  x-2,y-lj;  a:-3,y-f;  x^4, 
y-0;  x-5,  y-  -J;  a;  =  6,  y- -  Ijj  etc. ;  ar=  -1,  y-3jj 
«=  -2,  y-4i;  x=  -3,  y-Sjj  a;-  -4,  y-6j  etc. 

Plotting  the  corresponding  points  we  obtain  P„,  P„  P„ 

. . . . ,  P-i,  P-2, The   use   of  squared  paper  wiU 

enable  one  to  locate  the  points  rapidly  and  accurately. 

Evidently  between  any  two  of  the  points,  say  P^  P„ 
there  exists  an  indefinite  number  of  points  of  the 
locus,  whose  co-ordinates  are  obtained  by  giving  to  x 
values  between  2  an^  3,  separated  each  from  the  pre- 
ceding  and  succeeding  by  indefinitely  small  intervals, 
and  finding  the  corresponding  values  of  y.  The  graph 
or  locus  corresponding  to  the  equation  3a;  +  4y»12, 
thus  consists  of  a  succession  of  points,  infinite  in 
number,  each  being  indefinitely  close  to  the  preceding 
and  succeeding;  i.e.,  the  graph  is  continuous.  Plainly 
also  there  is  no  limit  to  the  extension  of  the  graph 
in  either  direction ;  t.c.,  it  is  infinite  in  length. 

In  this  case  the  graph  is  a  straight  line.  It  will 
subsequently  be  shown  that  all  equations  of  the  first 
degree  in  x  and  y  represent  straight  lines.  The  fact 
that,  in  the  graph  of  ac  +  4y^l2,  equal  increments 
of  1  in  X  give  equal  decrements  of  }  in  y  shows  that 
the  points  determined  must  lie  on  a  straight  line. 

Ex.  2.  Again  let  us  consider  the  graph  of  the 
equation  y^  =  4x.  Herey=  ±2Jx',  and  for  each  value 
of  x  there  are  two  values  of  y  which  are  equal  in 
magnitude  but  with  opposite  signs.  Since  y<  is  neces> 
sarily  positive,  x  cannot  be  negative,  i.e.,  no  part  of 
the  graph  can  lie  to  the  left  of  the  origin.    By  giving 
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to  «  a  succession  of  values   1  9  ^  .i  j       . 

onlRfinn.  ♦».->  values,  1,  J,  d  4, aud   cal- 

cuJatmg  the  corresponding  values  of  y  from  a  table 

jr-±6;  x»]0,y-±6-32;  etc.  ' 


Plotting  the  corresponding  points  we  obtain  i^^  P  P 

Here  again  between  any  two  of  these  points,  say 
P,,  A,  there  exists  an  indefinite  number  of  points  of 
the  locus  whose  co-ordinates  are  obtained  by  giWng  to  ^ 
v«dues  between  3  and  4,  separated  each  fr'lm  thf  pre- 
ceding and  succeeding  by  indefinitely  small  intenSs 
and  calculating  the  corresponding  /alues  of  7  The 
ocus  or  graph  corresponding  to  the  equation  ««= 4^ 
Uius  consists  of  a  succession   of  points,  inJte  S 
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number,  each  being  indeflnitely  close  to  the  preceding 
and  succeeding;  i.e.,  the  locus  is  continuous. 

Evidently  the  locus  extends  without  limit  to  the 
right,  receding  as  it  does  so  from  the  axis  of  x. 

In  this  case,  as  will  subsequently  appear,  the  locus 
is  the  curve  called  the  parabola, — one  of  the  class 
known  as  conio  sections.  The  values  of  y  are  given 
to  the  second  decimal,  that  it  may  be  seen  the  graph 
is  not  a  straight  line;  for  while  the  values  of  z  pro- 
ceed by  equal  increments  of  1,  the  successive  increments 
of  y  are  2,  83,  -63,  -54,  -47,  -43,  -39,  -37,  -34,  -32.  In  the 
case  of  a  straight  i  line,  equid  increments  in  x  give 
equal  increments  in  y,  as  is  evident  from  the  principle 
of  similar  triangles. 

Ex.  3.    To  construct  the    graph   of   the  equation 


i»»  +  2«-3y-5-0.    Herex>  -1±  V3(y  +  2).    Evidently 
$  CMmot  be  less  than  -2;  i.e.,  the  graph  cannot  b« 
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more  than  2  units  below  the  axis  of  x.    With  a  table 

I  of  square  roots  we  readily  obtain  the  foUowinir  pairs 

I  of  values:  y=.  -2.x-  -1;  y=  -1.^..73or  -ofsfy. 

-4-46;  y  =  3,ar  =  2-87or-4-87;  y  =  4,  x  =  3-24  or -5-24- 

y  =  o,x  =  3-58  or  -r-uSj  y  =  6,ar  =  3-90  or  -o-90:  «  =  ?' 

X  =  4-20  or  - 6-20 ;  y  =  8,  *  =  448  or  - C-48 ;  etc.  ' 

Plotting  the  corresponding  points  we  obtain  P     P 

P  .     Tf         If  a'  *  -V 


P-v  i' 


0» 


Here  also  between  any  two  of  these  points  there 
exists  an  indefinite  number  of  other  points  whose  co- 
ordinates are  roots  of  the  equation,  and  the  graph  is 
continuous.  The  graph  manifestly  extends  upwards 
without  limit  in  two  branches,  receding  from  the  axis 
of  y  as  it  ascends. 

This  curve  also  is  a  parabola.  The  values  of  x  are 
given  to  the  second  decimal,  that  it  may  be  seen  the 
graph  18  not  a  straight  line;  for  while  the  values  of 
y  proceed  \>y  equal  increments  of  1,  the  successive 
increments  in  the  value  of  x  are  173,  -72  -55  -46  ^-^ 
•37,  -34,  -32,  -30,  -28.  lu  the  case  of  a  'straight  iS 
equal  increments  in  y  give  equal  increments  or  decre- 
ments m  X,  as  is  evident  from  the  principle  of  similar 
triangles. 

^^Ex.  4.  To  construct  the  graph  of  the  equation 
gj  +  |  =  l.  Here  y=  ±^^923^2.  Evidently  x  can  never 
be  >9,nor  <  -  9;  i.e.,  the  graph  cannot  extend 
more  than  9  units  of  length  to  right  and  left  of  the 
origin  The  following  wiU  be  found  to  be  the  pairs 
of  values  derived  from  this  equation:  r  =  0  v=  +6- 
«-l,y=±5r.;  ar  =  2,y=±5-85;  x^Z,y^  t'^il,  x~U, 
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f-±5-37;   «-5,   jf-±4-99;    *-6,  y-±4-47|   •-?, 
f -  ±3-77)  «-8,  y-  ±2-75,  «-9,  y-0. 

Plotting  the  corresponding  points  we  ob^  ain  P^  P  ^ 
....  F^  P*,,  i*",  ... .  If  we  give  to  *  the  values 
- 1,  -  2,  ...  -  9,  we  obtain  exactly  the  same  values 
for  jr  as  above,  since  it  is  the  form  «•  which  ooonrs 
under  the  radical  sign.  Hence  the  construction  of 
the  graph  to  the  left  of  the  axis  of  y  is  a  repetition 


dia. 


of  that  to  the  right.    For  the  reason  stated  in 
cussing  the  other  graphs,  this  also  is  continuous. 

In  this  case,  as  will  subsequently  appear,  the  graph 
is  the  curve  called  the  ellipse,— one  of  the  class  known 
as  conic  sections.  Here  again,  while  the  values  of  x 
proceed  by  equal  increments  of  1,  the  successive 
decrements  of  y  are  -04,  -09,  19,  -29,  -38,  -52,  -70, 102, 
2  75,  and  the  graph,  for  the  reason  stated  in  Exs.  2 
•nd  3,  cannot  be  a  straight  line. 
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10.  The  illnstrfttions  which  we  have  given  point  to 
the  general  conclusion  that  when  the  law  of  a  locua, 
or  graph,  la  given,  there  oorresponda  to  it  a 
certain  equation ;  and,  conyeraely,  when  an  equa- 
tion li  given,  there  corresponds  to  It  a  certain 
locus,  or  graph. 

11.  If  we    havu    two    equatioiit*,    gay   x  +  ^«6    and 

jp  +  g5-l,  each  represents  a  locus,  and  the  co-ordinates 

of  the  points  of  intersection  of  these  loci  must  satisfy 
both  equations.  But  we  find  the  values  of  x  and  y 
which  satisfy  both  equations  by  solving  them  as 
simultaneous.  Hence  to  find  the  points  of  Intersec- 
tion of  two  loci,  solve  their  equations  as  simul- 
taneous. In  the  preceding  lo«'i  the  points  of  inter- 
section  will  be  found  to  be  (0,  G)  and  (8,^,  -2^). 

12.  Suppose  that  from  the  equations 

...(1) 


X*      V* 

— +  — -1 
9«    6* 


'0 


we  fonn  the  equation 

(x  +  y-6)  +  i(l'  +  ||-l)-0,...(2) 

where  i  is  any  quantity  involving  the  variables,  or 
independent  of  them. 

Then  each   of  the  equations   in   (1)  represents    a 

locus,  and  at  the  points  of  intersection  of  these  loci 

both  x4y-6  and  ^  +  |j-l  vanish. 


Hence  at   these 


points  of  intersection  (2)  is  satisfied. 
But  (2)  also  represents  some  locus. 


34 


ANALYTICAFi  GeOMETKY. 


Therefore  (2)  must  be  the  equation  of  a  locus 
passing:  thpoug-h  the  intersections  of  the  loci  re- 
presented by  the  equations  in  (1). 

13.  The  loqus  of  an  equation  is  not  chang-ed  by 
any  transposition  of  the  terms  of  the  equation,  or 
by  the  multiplication  of  both  members  of  the 
equation  by  any  finite  constant.  For  inauifcstly 
the  eciiiatiou  jiftiT  jsticii  inodiflnitioii  is  still  HJitisfu-a 
by  the  eo-ordiuates  of  points  on  th»;  locus  of  the 
original  equation,  and  by  the  eo-ordiuates  of  such 
points  ouly. 

'    Exerciscii. 

1.  A  point  moves  so  tw  to  »>e  at  a  constant  distance  -  5  from 
the  axis  of  y.     Find  the  equation  of  its  locus. 

2.  A  point  moves  so  as  to  he  always  at  etiuiil  distances  numerically 
from  the  axes.     Find  the  equation  of  its  locus  or  graph. 

3.  Find  the  equation  of  the  iwth  traoetl  by  a  point  which  is 
always  at  equal  distances  from  the  points 

(1).   (0,  0)  and  (5,  0) ;  (2).   %  0)  and  (  -  .I,  0) ; 

(3).  (  -  2,  3)  and  (5,  -  4) ;  (4).   (a  f  6,  o  -  6)  and  (a  -h,a  +  h). 

4.  In  the  preceding  exercise  place  accurately  in  each  case  the 
fixed  points,  and  construct  the  graph  of  the  moving  jwint. 

5.  Find  the  equation  of  the  graph  of  a  point  which  moves  so  that 
its  ordinate  is  always  greater  than  the  corresponding  abscissa  by  a 
given  distance  a.     Construct  the  graph. 

6.  A  point  moves  so  that  its  abscissa  always  exceeds  j  of  its 
ordinate  by  2.  Find  the  equation  of  its  graph,  and  construct  a 
series  of  points  on  it. 

7.  A  point  moves  so  that  the  excess  of  the  square  of  its  distance 
from  (  -  a,  0)  above  the  square  of  its  distance  from  (a,  0)  is  constant, 
and  equal  to  c'.     Find  the  equation  of  its  {wth. 

Solve  the  problem  also  by  constructing  the  locus  by  »  .^thetic 
Geometry,  and  then  forming  its  equation. 

8.  A  i>oint  moves  so  that  the  «]uare  of  its  ordinate  is  always  fm!.'<^: 
Itc  abscissa.     Find  the  equation  of  its  locua. 
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9.  A  point  moves  so  i !,;;    ;J,e  wpuiie    f  its  abscissa  is  always  twice 
its  onJiimtc.     Fiml  the  f<iu.,i,io..  -J  its  Kkus. 

Fin.l  the  co-ordiiiatesof  the  points  in  which  this  locus  intersects 
that  in  Exercise  8. 

10.  A  point  moves  so  that  its  disUnce  from  the  axis  of  y  is  one- 
thin!  its  distance  from  the  origin.     Find  the  etjuation  of  its  locus. 

11.  A  jioint  moves  so  that  its  distance  from  the  axis  of  y  is  equal 
to  its  distance  from  the  jwint  (3,  2).     Find  the  etiuution  of  its  locus. 

12.  ^  is  a  iwint  on  the  axis  of  x  at  distance  2n  from  the  origin. 
P  (j-,  y)  is  any  jwint,  tlie  foot  of  whoso  ordinate  is  M.  Find  the 
equation  of  the  Io.us  of  P  when  it  moves  so  that  P.V  is  a  mean  pro- 
portional Ijetweeu  0.1/  and  MA. 

13.  A  |)oint  moves  so  that  the  ratio  of  its  distances  from  two  fixed 
points,  ((I,  0)  and  (a,  0),  is  constant  and  equal  to  2 :  1.  Find  the 
equation  of  the  point's  graph. 

14.  A  point  moves  so  that  one-half  of  its  ordinate  exceeds  one- 
third  of  its  abscissa  by  1.  Find  the  etjuation  of  its  locus  and  con- 
struct  a  series  of  points  on  it. 

15.  Are  the  i«ints  (4,  3),  (  -  4,  9),  (6,  2)  on  the  locus  of  3x  +  4y=:24? 

16.  Are  the^points  (2.  3),  (2,  -  3),  (  -  2,  -3),  (  ^7.  J),  (3,  2)  on  the 

locus  of  -+  ?r  =  2? 
4       9 

17.  Tlie  abscissa  of  a  point  on  the  locus  of  4a:2-f9y''=  10  is  J  ;  what 
is  the  {mint's  ordinate  ? 

18.  Find  a  scries  of  iioints  on  the  gniph  of  the  expiation  2jr - 5y  -  10 
=0,  and  trace  the  line  as  far  as  these  jioints  suggest  its  position. 

19.  Trace  a  juirt  of  the  graph  of  the  equation  4x  +  3y+12=0. 
Find  the  points  at  which  it  cuts  the  «xes  of  x  and  y. 

20.  Find  the  jwints  where  the  graph  of  the  equation  - +-^  =2  cuts 

4       9 
the  axes  of  x  and  y. 

21.  Trace  a  part  of  the  graph  of  the  equation  y^-2x  +  y-3  =  0, 
beginning  at  the  point  where  x=  -2. 

Is  it  cut  by  the  line  whose  equation  is  a:  +  3  =  0  ? 

22.  Trace  a  jiiirt  of  the  graph  of  the  et]uation  i-- 4j- -  2y +  6=0. 
Does  the  axis  of  x  cut  it  ? 


m 
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2a,  Find  tl.e  points  where  the  curvo  of  the  preceding  exereiae  is 
cut  by  the  line  a;  -  y  =  0. 

For  what  different  values  of  m  will  the  line  y  -  «x=0  meet  this 
curve  in  two  points  that  are  coincident,  i.e.,  that  have  the  same 
ordinate  ? 

24.  Trace  a  part  of  the  graph  of  the  equation  y = x«  -  2a:  + 1. 

25.  Find  the^co-ordinates  of  the  points  in  which  the  loci  whose 
equations  are  ^%  |'  =  1  and  ^  +  ^=  I  intersect. 

26.  Show  that  the  locus  whose  equation  is  a:»+y»=w  passes 
through  the  intersections  of  the  two  preceding  loci,  both  fromthe 
mode  of  formation  of  this  equation,  and  also  because  it  is  satisfied  by 
the  co-ordinates  of  the  points  in  which  the  preceding  loci  intenect 
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CHAPTER  m. 

THE  STRAIGHT   LINE. 


In  Chapter  II.,  §  8,  Exs.  1,  2,  3,  4,  5,  illustrations  have 
been  given  showing  that  fixed  relations  exist  between 
the  co-ordinates  of  points  on  straight  lines  whose 
positions  are  defined  by  certain  numerical  conditions. 
Such  relations  between  the  co-ordinates  have  been 
called  the  equations  of  the  lines.  It  is  proposed  in  the 
present  chapter  to  deal  with  the  equations  of  straight 
lines  in  a  general  manner.  The  position  of  a  straight 
line  may  be  defined  in  two  ways,  either  (1)  by  two  points 
through  which  it  passes  being  given,  or  (2)  by  one  point 
through  which  it  passes  and  its  direction  being  given. 
This  classification  will  be  followed  in  arriving  at  the 
various  forms  of  the  equation. 

A  straight  line  is  individualized  by  the  data  which 
fix  its  position,— lengths  of  intercepts  on  axes,  length 
of  intercept  on  axis  of  z  and  direction,  etc.;  we  shall 
find  that  the  equation  which  is  the  analytical  repre- 
sentative of  the  line,  is  individualized  by  these  data 
forming  the  coefficients  of  x  and  y,  and  the  constant 
term.  The  student  who  wishes  to  follow  the  subject 
of  Analytical  Geometry  intelligently  must  never  lose 
sight  of  the  absolute  correlation,  or  correspondence, 
which  exists  between  the  line,  straight  or  curved,  and 
the  equation  which  is  its  algebraic  equivalent. 
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I.  Line  defined  by  two  points  throuKh  which  It  passes. 

14.  To  find  the  equation  of  a  straight  line  In  term* 
of  the  Intercepts  which  It  makes  on  the  axes. 


Let  OA,  =  a,  and  OB,  =  b,  be  the  intercepts  of  the 
line  on  the  axes  of  x  and  y  respectively.  Let  P  (x  y) 
be  any  point  on  the  line,  whose  ordinate  is  PX.     ' 

Then,  by  similar  triangles  PXA,  BOA, 

y _n  -X 

=  1--; 

a 

X    y    ^ 
or  -  +  -^  =  1, 
a    b 

which  is  the  equation  required. 

Tliis  is  tlie  equation  of  a  line  through  two  given 
points  (a,  0),  (0,  b),  the  points  being  in  particular  posi- 
tions, i.e.,  on  the  axes. 

In  the  foUowing  article  the  given  points  tl.rough 
which  the  line  passes  are  any  fixed  points. 
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15.  To  find  the  equation  of  a  line  which  passes  through 
two  given  points. 


Let  P,  (X,  y,)  and  P,  (x,,  y^)  be  the  two  fixed 
points  through  which  the  line  passes ;  and  let  P  (x  v) 
be  any  point  on  the  line.  Complete  the  figure  as  in 
the  diagram.  Then  the  lines  in  the  figure  have 
evidently  the  values  indicated;  and  by  similar  triangles 

~^ii=^Liyi 

wtiieli  IS  the  equation  required. 

The  equation  of  §  14  is  a  particular  case  of  this, 
and  may  therefore  be  deduced  from  it.  In  S  14  the 
hue  passes  through  the  points  (a,  0),  (0,  h).    Substitut- 

tion  of  the  present  article,  we  have 

x-a  _y -n 
a-o~  (TH 

or  _  - 1  =  _  ^, 
a  h 

"^   y   , 
or  -  +  f  =  1. 
ah 


) 
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Exercises. 

1.  ObUin  the  equation  of  |  U  when  the  point  P  is  taken  in  th* 
wcopd  quadrant;  when  it  is  taken  in  the  fourth  quadrant 

2.  Obtain  the  equaUon  of  g  14  when  the  intercepts  on  the  axes  an 

-  a,  -b,  the  point  P  in  the  demonstration  being  token  in  the  second 
quadrant  Verify  your  result  by  substituting  -  a,  -  fc  for  a,  6  in  the 
formula  of  g  14. 

8.  The  intercepte  a  straight  line  makes  on  the  axes  of  ar  and  y  are 

-  3  and  2,  respectively  Find  its  equation  from  a  figure,  taking  the 
point  P  in  the  third  quadrant  Verify  by  obteining  the  equation 
from  th*  formuhi  of  g  14. 

4.  From  the  faet  that 

APBO+  aPAO=  aBOA, 

obtain  the  equation  of  g  14. 

8.  Find  expressions  for  the  intercepts  on  the  axes  derived  from  the 
equation  of  1 15. 

«.  From  the  expression  for  the  area  of  a  triangle  in  terms  of  the 
oo^irdinates  of  ito  angular  points  (Ch.  I.,  g6).  obtain  the  equation  of 
»  straight  line  through  two  given  points.  [Take  as  angular  pointa 
(«.  y).  («i,  y,),  (x^  y,).]  *^ 

Reduce  your  equation  to  the  form  in  g  15. 
.Affrom  a  figure  obtain  the  equation  of  a  straight  line  whose 
intMxsepts  on  the  axes  of  a;  and  y  are  -4  and  -5,  respectively. 
Verify  by  obtaining  the  equation  also  from  the  formula  of  g  14. 
^er'Find  from  a  figure,  and  also  from  the  formula  of  g  15.  thTequa- 
tion  of  a  straight  line  through  the  points  ( -  3,  -  1),  (4,  -  5).  Find 
the  intercepts  on  the  axes. 

><  A  straight  line  which  passes  through  the  origin  has  its  equation 
satisfied  by  the  values  x  =  -  3,  y  =  5.  Find  its  equation  both  from  a 
figure  and  from  a  formula. 

yf.  The  intercept  of  a  straight  line  on  the  axis  of  y  is  -4,  and  it 
4ftsM  through  the  point  ( -  2, 6).     Find  its  equation. 
yXl.  A  straight  line  passes  through  the  point  ( -  4.  -  5).  and  makes 
equal  intercepts  on  the  axes.    Find  ito  equation.    [Aasume  -  + 1^  a  1  aa 
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its  eqiwlion.    Si-c«  ik  ymmm  through  ( -  4,  -«),    Z±^zl:^\. 
w^Mnoe  a  is  found  ]  *        ** 

12.  When  the  equaUon  of  a  straight  Une  is  given,  what 
In  general  is  the  easiest  wejr  of  eonstrueUng  the  line, 
».«.,  pUcing  it  properly  with  respect  to  the  co-ordtute  axesT 


J 


II.  Use  delned  by  oae  point  through  which  It  passes, 
and  by  its  direction. 

16.  To  find  the  equation  of  a  straight  line  in  terms 
of  the  angle  it  makes  with  the  axis  of  :r  and  its  inter- 
cept on  the  axis  of  y. 


y 

\ 

1^ 

B 

^ 

JC 

M 

^ 

b 

JC 

0 

^ 

1          X 

"yli 


Let  PBA  be  the  straight  Une,  0  the  angle  BAO, 
which  it  makes  with  the  axis  of  «,  and  6  the  intercept 
it  makes  on  the  axis  of  y.  Let  P  («,  y)  be  any  point 
on  the  line.    Complete  the  figure  as  in  the  diagram 

Then    MP^yp-yM=^yP-OB=y-h:    and   BM- 

y-b    MP    ^       „„., 

-=-^jg^=tan  P^JIf=tan  $; 


Hence 


or  tf  =  xt&n$  +  h, 
which  is  the  equation  required. 
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It  is  convenient  to  replace  tan  $  hy  m,  so  that  the 
equati(  '.  becomes 

y  =  mx  +  ?), 
where  m  is  the  tangent  of  the  angle  which  the  line 
makes  with  the  axis  of  x. 

17,  To  find  the  equation  of  a  straight  line  in  terms 
of  the  angle  it  makes  with  the  axis  of  x  and  its  inter- 
cept on  the  axis  of  x. 

y 


^ 


Let  PAB  be  the  straight  line,  9  the  angle  PATSf 
which  it  makes  with  the  axis  of  ar,  and  a  its  intercept 
OA  on  the  axis  of  x.  Let  P  (x,  y)  be  any  point  on 
the  line.    Complete  the  figure  as  in  the  diagram. 

Then  I^T^y;  and  A-^=Ol!^-OA=x-a 


Therefore 


=  tan  PAN  =ian  $', 


x-a    AN 
or  y  =  (x-  a)  tan  6, 
which  is  the  equation  required. 

The  equation  may  conveniently  bo  written 
y  =  m{x-a}, 
where  m  is  the  tangent  of  the  angle  which  the  line 
makes  with  the  axis  of  x. 

In  this  and  the  preceding  articles  the  straight  line 
and  the  point  P  have  been  taken  so  that  the  quantities 
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a,  h,  m,  X,  y  are  all  positive.  The  results  obtained  in 
this  way  are  absol'ifely  general,  while  we  are  spared 
the  trouble  of  considering  quantities  intrinsically 
negative. 

IS.  If  two  equations  represent  the  same  straight 
line,  they  must  be,  in  effect,  the  same  equation ;  and 
therefi.re  the  coefficients  of  x  and  y,  and  the  constant 
term,  in  one  are  eitlier  e(pml  or  proportional  to  tlio 
coefficients  of  x  and  //,  and  the  constant  term,  in  the 
other.  If  the  coefficient  of  one  of  the  variables,  say 
of  y,  in  one  be  ecjual  to  tlie  coefficient  of  y  in  the 
other,  then  the  coefficients  of  x  must  be  equal,  and 
the  constant  terms  must  be  equal. 

Thus  if  we  write  the  standard  forms  of  tlie  equation 
of  the  straight  liue,  obtained  in  §§  14,  15,  16,  17,  as 
follows, — 

^     x,-xf    X  -a:    i"'"y»» 

y  =  nix-ma^ 
since  they  may  be  supposed  to  represent  the    same 
straight  line,  and  since  the  coefficients  of  y  are  equal, 
we  see  that 

_.ft_.y.-.yi_ 


a 


^l--f2 


■  m. 


But  m  is    the  tangent  of  the  angle  which  the  line 
makes  with  the  axis  of  x.    Hence  -  -  and  ^'"'^^repre- 


a         x,-x.^ 


sent  also  the  tangent  of  the  line's  inclination  to  the 
axis  of  X. 
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Again  we  must  also  have 

But  b  is  the  intercept  on  the  axis  of  y.    Henoe 

-f^T^  '>  +  y«  (-^'^r^)»»d  -nut  represent  also 
the  line's  intercept  on  the  axis  of  y. 

We  shall  often  find  ourselves  able,  in  future,  to 
obtain  important  results  by  thus  cuniparing  equations 
of  the  same  line,  which  differ  in  form. 


Exercises. 

1.  Obtain  the  equation  of  gl6  when  the  point  P  ia  taken  in  the 
second  quadrant ;  when  it  is  taken  in  the  third  quadrant 

2.  Obtain  the  equation  of  §17  when  the  point  P  is  token  in  the 
third  quadrant ;  when  it  is  taken  in  the  fourth  quadrant 

3.  The  inclination  of  a  straight  line  to  the  axis  of  ar  is  46',  and  ite 
intaroept  on  the  axis  of  y  is  -6.  Find  ita  equation  from  a  figure, 
taking  the  point  P  in  either  the  first  or  thiid  quadrant  Verify  by 
^Itaining  the  equation  from  the  formula  of  g  16. 

/ /4.  The  inclination  of  a  straight  line  to  the  axu  of  x  is  60',  and  ita 
intercept  on  the  axis  of  x  is  -  7.  Find  ita  equation  from  a  figure, 
taking  the  point  P  in  the  second  quadrant  Verify  by  obtaining  the 
equation  from  the  formuU  of  1 17.  What  is  the  line's  interoepfc  on 
ti|eaxisofy? 

AHJ.  A  straight  line  passes  through  the  origin,  and  makes  an  angle 
.'fof  30°  with  the  axis  of  ar.    Find  ita  equation. 

/y-^  A  straight  line  makes  an  angle  of  laf  with  the  axis  of  x,  and  ' 
ite  intercept  on  the  axis  of  y  is  -  3.    Construct  the  line,  and  find  ite 
eouation  from  the  figure,  and  also  from  the  formula  of  g  16. 

y^^'  A  straight  line  makes  an  angle  of  ISO"  with  the  axis  of  x,  and 
ite  intercept  on  the  axis  of  *  is  -  3.  Construct  the  line,  and  find  ite 
equation  from  the  figure,  and  also  from  the  formula  of  g  17.  Verify 
your  construction  by  finding  from  your  equation  the  interoepte  on 
the  axes. 


^ 
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.ngteof«(rw,ththe.xi.of».  Find  if  «,««tion.  IA«„m.y  =  ^ 
Un  flor  +  ft  „  it.  equation.  Since  it  puwe  through  (4.  ^/3),  -/8-4 
•/3  +  6;  whence  6  in  found.]  o    \  •  %   /.  v 

9.  What  angle  does  the  line  through  the  pointa  (5.  3),  ( -i.  -4) 
make  with  the  axis  of  X?    What  is  its  intercept  on  the  axis  of  ^  ? 

10.  WjMit  is  the  characteristic  of  the  syst«m  of  lines  obUined  by 
varying  6 1  n  the  equation  jf=2x  +  bJ 

JI^^^Tk"  ,'*"  **'"'i°"  °'  *  '^  ''^  '"Pf^'"*  ('••  y*)'  ^--  y^)  ^ »« 

points  on  the  line  y  =  «  (x  -  «).  and  thence  finding  m  and  «. 

12.  Two  lines  pass  through  the  point  (1,  S).  and  form,  with  the 
•xw  of  X,  an  eqaiUteral  triangle.     Find  the  equations  of  the  lines. 

19.  To  find  the  equatton  of  a  itralght  line  in  terms 
of  the  length  of  the  perpendicular  upon  it  from  the 
origin  and  the  angle  the  perpendicular  make*  with  the 
azia  of  x. 

y 


A-^  ^,***  **"*  ^""^"^  ^"*^«^*  1^®»  P  the  perpen. 
diciUar  OM  upon  it  from  the  origin,  and  the  angle 
MOA  which  the  perpendicular  makes  with  the  axis  of 
X.  Let  P(x,y)  be  any  point  on  the  line.  Complete 
the  figure  as  in  the  diagram. 
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Tlieti  Z  KyP  =  90°  -  Z  KNO  =  a. 
Ilenee  p  =  0M=  OL  +  A7', 

=  ON  cos  o  +  AT  Kill  a, 

=  x  C08  0  +  //  sin  a  ; 
and  jr  COM  a  +  y  Mill  a^^>  is  the  eqimtion  required. 

If  we  luive  obtained  the  eqnation  of  a  straight  lin« 
from  given  data,  e.tj.,  that  it  passes  tlirongh  two  given 
j)oiiits,  and  wish  to  And  the  perpendicnlar  upon  it 
from  the  origin,  and  the  angle  the  perpendieuhir 
makes  with  the  axis  of  .',  we  follow  the  method 
suggested  in  §  18: 

Ex.  A  stniiglit  line  jmsses  ihrough  tlio  [nints  (I,  5),  uii<l  (",  '2). 
Find  p  iiml  a  for  thJH  line. 

The  c<|U(ition  of  the  lino  through  the  given  [lointit  wilt  Ito  found 
tobo($  15.) 

Suppose  that  x  cos  a  -f-y  sin  «=p  represents  the  same  line. 


Then 


1 


But 


sin  g 
~2~ 


I  _  sni  »  _  p 

2~  ~  n 

,J  oos*  a  +  sin"-*  a 


VlH2« 


1       .  2         .         11 

.•.  cos  a=:  —r-.,  8in  a=— Tj,  and  »  =  — rr- 

In  selecting  the  sign  for  the  square  root  we  are  guided  by  the 
consideration  that  p  is  always  positive,  and  select  the  sign  which 
makes  it  so. 

Thus  the  line  through  the  points  (1,  5),  (  -7,  2)  is  ar-8y=  -  37. 
We   select  the    negative   Hign  for  the  square  root,   for    it    gives 

-37  37         .,  .  3        .  8        _ 

p  = j;^  =     ,..;.     Also  we  have  COS  o  = =;;,  sin  a  =  — 7;^;.     These 

values  for  cos  a,  sin  a  show  that  a  lies  between  90"  and  180°,  which 
is  confirmed  if  we  accurately  construct  the  line  from  the  original  data. 
The  line  whose  intercept  on  the  axis  of  x  is  4,  and  which  makes 
an  angle  of  30"  with  this  axis,  luis  for  c<|uation  a:-y^3  =  4.  We 
select  the  positive  sign  which  g^ves 
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=5-2;  alao  cm  •  =  !,  sj,,  . 


.->^ 


The«  MproMlo...  for  coa  .,  si,,  a  .how  th»t  •  in  •  neirativ.  «nirU 
which  i.  conanned  if  w.  construct  the  line  from  the  oriX,  i"'  - 

la  «16,  17  the  straight  line  was  deflued  by  its 
direction  and  by  its  passing  throngh  a  point  speeiaUy 
placed  -on  one  of  the  axes.  Jn  §  19  the  litre  was 
ajgam  defined  by  a  special  point-foot  of  perpendicular 
from  ongtn  on  hne-and  by  its  direction  ^rhich  was 

fi  1  ^  lu  ^f !f  *'°''  "'  *^"  perpendicular.  In  the 
article  which  foUows,  the  line,  as  before,  wiU  be 
defined  by  its  dire«;tion,  and  by  a  point  through  which 
It  passes,  but  this  point  wiU  be  any  point  on  the 
line.  The  article,  therefore,  may  be  regarded  as 
giving  the  general  proposition  of  whi3h  the  three 
preceding  were  special  cases. 

20.  To  And  the  equation  of  a  straight  line  in  term* 
of  the  angle  it  makes  with  the  axis  of  x  and  the  co- 
ordinates  of  a  point  through  which  it  jMuises 


^ 


frt  AB  be  the  given   straight   Hue,    P  (i, ,)  anv 
Pomt  OB  ,t,  <;(„,  J,  the  given  point  though  ;Uch^ 
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passes,  and  BAO  (0)  the  angle  it  makes  with  the  axis 
of  X.  Let  CP=r,  a  variable  quantity,  since  P  moves 
along  the  Une.    Complete  the  figure  as  in  the  diagram. 


Then  cos  6 = cos  PCL  =  —  =  ll-'-* ;    • 

CP       r 

Also  sin  d=sin  PCL^jf^lZ^:    • 

CP       r 

Hence^^^  =  r  =  ?C^;  and 
cos  $         siu  d 


n 


COS0 

siu0 


=  r. 


■  r. 


x-a    y-h 
cos  6^B\n$ 
is  the  equation  requi^red. 

The  equation  may  be  written 

y-ft  =  tantf(«-a), 
or  y-6  =  »t(«-a). 

Possibly,   however,    the  most   useful   form  of  the 
equation  is 

x-a    y-h 

costf^snTS"*"'"-^^) 
where  r  is  a  variable,  and  is  the  distance  between  th« 
fixed  pomt  (a,  h)  and  the  moving  point  («,  y)  It  ig 
to  be  noted  that  in  (1)  there  are  two  equations  and 
three  variables,  x,  y,  r.  These  equations  may  be 
wntten  ' 

z-a    y-h 

or  x»a  +  lr,y^h  +  mr, 
where  /= cos  *,  m  =  sin  $,  so  that  i«  +  m»  - 1.    Here  I  and 
m  are  called  the  direction-cosines  of  the  line-  for  I  is 
Je  cosine  of  the  angle  which  the  line  makes  with 
the  axis  of  X,  and  m  is  the  sine  of  the  same  angle 
•nd  therefore  the  cosine  of  the  angle  which  the  line 


r : 


)-?c    -  -'   ft  ■♦    ^ 
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makes  with  the  axis  of  y.  It  is  scarcely  necessaty 
to  remind  the  student  that  m  in  this  equation  repre- 
sents  sill  B,  while  in  the  equation  y-6  =  w  (a;-a)  it  re- 
presents tan  ft 

Exenrlses. 

1.  From  the  equation  y  -  &  =  m  (a:  -  a)  of  § -20  deduce  the  equations 
of  §§  16,  17. 

2.  From  the  data  of  equation  ^=^J  of  §20  detluoc  the  daU 

of  equation  a;  cos  a  +  y  sin  a=/>  of  §  19,  (I)  from  the  figure,  (2)  by 
comparing  the  equations.     [( 1 ).  In  figure  of  §  20  from  O  and  M  draw 
OX,  J/r  perpendicular  to  the  line;  and  from  .Vdraw  .V^T  perpendic- 
ular to  XO  produced.    Then  p  =  OX  =  MY-ZO  =  h  cos  9-a  sin  9 
Alsoa  =  90  +  9.] 

3.  The  perpendicular  from  the  origin  on  a  straight  line  is  6,  and 
this  perpendicular  makes  an  angle  of  30'  with  tlie  axis  of  x.  Find 
the  equation  of  the  line. 

4.  The  perpendicular  from  the  origin  on  a  straight  line  is  4,  and 
this  perpendicular  makes  an  angle  of  120°  with  the  axis  of  x.  Find 
the  equation  of  the  line. 

5.  A  straight  line  passes  through  the  points  (-3,  2),  (-  1,  - 1) 
Find  its  equation,  and  Write  It  In  the  form  *  cos  a+y  sin  «=p.' 
fHere  a  will  be  found  to  be  an  angle  between  180°  and  270°,  and 
both  its  cosine  and  sine  are  negative.] 

6.  A  straight  line  passes  through  the  point  (.3,  -2),  and  makes  an 
angle  of  46°  with  the  axis  of  *.  Find  its  equation,  and  write  it  in 
the  form  x  cos  a  +  y  sin  o  =p.     [p  makes  an  angle  of  -  45°  with  Ox.  J 

7.  Form  the  equation  of  the  line  through  the  point  (7,  1),  and 
making  an  angle  of  60°  with  the  axis  of  x. 

8.  Form  the  equation  of  the  line  whose  intercepts  on  the  axis 
of  X  and  y  are  3  and  8  respectively;  and  Write  It  In  the  form 
x-a      y-h  X    v 

[The  equation  is  -|  +  |  =  1,  which  may  be  written 


C08  $      sin  9 
X      y-6 


=  r. 


-3 


=  -=-,  or 


x-0        y-5 


=  r. 


It  is  only  when  the  denominators 


_    3     -     5 
v/34       ^34 
become  the  values  of  cos  *  and  sin  9  that  we  are  at  liberty  to  puk 
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^JTlT  Tf  *^*':  "*™  *"  ^'"^''"^  "'« «'»"  "^  t''*  ^l-Hre 

[T  7^  .'  thHt  which  will  make  nin  0  positive,  for  tf  l«i„g  los« 
tban  180",  ita  sine  is  necessarily  positive.  ] 

n^LnH-'^?'^'''  line  passes  throuj^h  the  ,K>i,.t  (.5,  -2).  a..U  the 
perpendicukr  on  ,t  from  the  o.iyin  makes  an  angle  of  3ff  with 
Or  Fn,d  the  equation  of  the  line,  (f^t  a:co..30°  +  y8in30°  =  « 
be  jhe  equation.     Since  the  line  i«sses  through  {5.  -2),  we  have 

5' "2""  2  2"^'  wWch  determines  y/.  I 

10.  Find  the  distance  from  the  point  (7.  i)  to  the  line 
l7*K~;w  "«*?"'*<*  ^n  a  direction  making  an  angle  of  60^ 

With  the  axis  of  x.  [The  equation  of  the  line  through  (7,  1) 
"_i-"^='-!  whence  j:  =  7  +  |r.   v=l+^r.    where    r   is  the 

distance  from  (7.  1)  to  (r,  y).  But  if  we  substitute  these  values 
of  X  and  y  in  the  equation  ar-y=5,  x  and  y  must  have  reference 
to  the  pomt  of  intersection  of  the  lines,  and  r  becomes  the  disUnce 
required.     Substituting.  7  +  .^r-  l  -^  r=5  ;  and  r=  1  +  ^3.] 


/ 


III.  General  Equation  of  First  Degree. 

The  straight  line,  defined  in  the  preceding  articles  by 
various  data,  has  been  found  in  each  case  to  be 
represented  analyticaUy  by  an  equation  of  the  first 
degree  in  z  and  y.  In  the  foUowing  article  it  will  be 
shown  that  an  equation  of  the  first  degree  in  z  and 
y  must  always  represent  a  straight  line. 

21.  To  show  that  every  equation  of  the  firrt  degree 
represents  a  straight  line. 

The  equation  of  the  first  degree,  iu  its  most  general 
form,  may  be  expressed  by 
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This  represeuts  some  locus.  Let  («i,  y,),  (x  y) 
(xs,  Vz)  be  any  three  points  on  the  locus  it  represents! 
Hence 

Ax.,  +  Bij,  +  C=0, 
Therefore       ^'3  +  1^^3.0=0. 

A{x^-x^)  +  B{y^-y^)  =  0, 

A{x,-x^)  +  B(y,-y^)=.0. 
Multiplying  these  equations  by  x„  x^  x„  respectively, 
and   adding,    the    term    involving   A    disappears,    B 
divides  out,  and  we  have 

*i  (^2  -  ys)  +  «2  (ys  -  y,) + «8  (y,  -  y,)  -  0. 

But  the  left-hand  side  of  this  equation  represents 
twice  the  area  of  the  triangle  whose  angular  points 
ai'e  («i,  yi),  («i,  y,),  (x^,  y^).  Hence  the  area  of  this 
tnangle  is  zero,  and  the  three  points  must  lie  in  a 
straight  line. 

But  these  are  any  three  points  on  the  locus  which 
Ax  +  By-\-C=0  represents. 

HenceAx  +  By+C=0  must  represent  a  straight  line. 

Though  three  constants  A,  B,  C,  appear  in  the  equa- 
tion  Ax  +  By^C=Q,  there  are  in  reaUty  only  two;  for 

we  may  write  the  equation  in  the  form  ^^  +  ^j^+i=o, 
without  any  loss  of  generality  (§  13).  Thus  Kx-^-Ly +  1^0 
18  just  as  general  a  representation  of  the  equation  of 
the  first  degree  as  At^By^C^O,  and  may  be  used 
as  such.  The  student  may  see  this  more  clearly  if 
stated  in  a  concreto  form:  Two  points,  say (2  3)  (4  7) 
are  sufficient  to  fix  a  line.    Hence  their  co-ordinates 
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must  be  sufficient  to  determine  the  coefficients  in  the 
equation  which  represents  the  Une.  But  these  give 
only  two  equations,  2A  +  3B+C=0,  4A  +  7fi+C=0; 
and  these  are  sufficient  to  determine  only  two  un- 
knowns, ^,   ^. 

Exercises. 

1.  From  the  equations  of  the  preceding  article  obtain  the  form 

aud  hence  show  that  (*,.  y,)  must  lie  in  the  straight  line  joining 
(«i.  yi).  (."ii.  Va);  ..e.,  that  the  three  points  lie  in  a  straight  line 
which,  therefore,  Ax  +  B^  +  C=0  must  represent. 

2.  Convert   the    equatibn 
Ax  +  By  +  C=0  into  the  form 

^   y       -A 


a.-(--) 


B' 


a  constant ; 


and   hence   show  that 
Ax->rByJt  C=  0  must  represent 
a  straight  line^ 

3.  From  the  fact  that  the  equations 

^a;  +  fiy  +  C=0,  A'x  +  By^-C ={i, 
when  solved  as  simultaneous,  give  only  one  pair  of  values  for  x  and 
y,  show  that  each  must  represent  a  straight  line. 

4.  Use  the  general  equation  of  the  first  degree,  ylx  +  5y  +  C^0 
or  Arx  +  Ly^l,  to  find  the  equation  of  the  straight  line  through  the 
pomts(6,  1),  (-3,  -1).  * 

Jf     22.  To  find  the  general  equation  of  aU  straight  lines 
r  through  a  fixed  pohit. 

Let  (rt,  6)  be  the  fixed  point.  Any  straight  Une 
whatever  is  represented  by 

Ajj  +  fiy  +  C=0. 
If  this  pass  through  (o,  6), 

4a  +  i?6+C-0. 
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Combining  this  condition  to  which  A,  B,  C  are  «ub. 
ject,  with  the  equation  of  the  line,  we  get 

A{x-a)  +  B{y-h)=.0, 
or  K(x-a)  +  {y-h)^0, 
which  is  the  equation  of  any  straight  Une  through 
the  point  (a,  6),  A  :  B,  or  K,  being  stiU  an  undeter 
mined  quantity. 

It  wiU  be  seen  that  the  foUowing  article  is  a 
general  discussion  involving  methods  and  principles 
that  have  already  been  appealed  to  in  special  cases. 

23.  To  reduce  the  general  equation  of  the  firM  degree, 
Ax+By  +  C=0,  to  the  standard  forms. 

(1).  Since  multiplication  of  an  equation  by  a  con- 
stant and  transposition  of  terms  do  not  change  the 
locus  which  the  equation  represents  (§13),  therefore 
whatever  locus  is  represented  hy  Ax+By+C  0  the 
same  locus  is  represented  by  "       ' 

«        y      , 


Comparing  this  with 


wehavea=-|,   ft= -^   giving   the    intercepts   on 
the  axes  in  terms  of  A,  B,  C. 

We  may,  of  course,  also  find  the  intercepts  on  the 
axes  by  putting  in  succession  y-0,  2-0  in  the 
equation  Ax  +  By+Co^O. 
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(2).  The  equation  Az  +  £y+C^O,  may  be  written 
Az+C'^  -By, 
Ax+C    By 


or 


or 


-0 

C 

_c 

A 


y 

B 


or 


-I- 


.V-0 


"-(-1) 


Comparing  this  with 


X  -X, 


.tf-li 


'x-'i    Vi-lfi 


we  see  that  Ax + By +C  =  0  passes  through  the  pointa 

{4  ")•  {".  -  ^- 

The  equation  Ax  +  By  +  C^O  may,  however,  be 
reduced  to  the  form  of  an  equation  of  a  straight  line 
through  two  points,  in  an    endless  variety  of  ways. 

Thusifx  =  2,y=  Z^,  andifx=  -l,y=  ±z£,  ^e 

shall  then  find  ourselves  able  to  express  Ax  +  By  +  C^^O 
in  the  form  of  the  equation  of  a  straight  line  through 
th.points(2,-?^,    (.,,4^. 

(8).  The  equation  Ax  +  By  +  C  =  0  may  be  written 
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Comparing  this  with 

A  0 

we  have  »»»--g»   ^""g'  fS^^^E  tl»e  tangent  of  the 

angle  which  Ax  +  By+C=0  makes  with  the  axis  of  x, 
and  the  intercept  on  the  axis  of  y. 

(4).  The  equation  Xx  +  i?y  +  C=0  may  be  written 

Comparing  this  with 

y-m(x-a), 

we  have  «•-  -5.  ""  ~  A*  ^^^^fif  **^  *  again,  and  the 
intercept  on  the  axis  of  z. 
(5).  Comparing  the  equation 

Ax  +  Bjf  +  C^O 
with  the  equation  ascosa+ysina-paO,  we  hava 
cosa    sin  a     -p 
A    ~~B        C'' 

But    ^^^  °  T.  ?^°  **  _  N^^"'^  '**  '*'  ^^"  "**  1 

^    "    ^  "     ±yI57p    ~±~JFW 
Therefore 


C08o  = 


sin  a: 


Now  p  18  necessarily  a  positive  quantity;  hence  that 
sign  is  selected  for    ^A'  +  B»  which  wiU  make  p  a 
positive  quantity. 
Hence 

A  B  C 

represents  the  equation  Aje  +  Bjf  +  C^O  reduced  to  the 
form  arCOSa  +  ysina-p. 
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(6).  The  equation  ^x  +  %  =  C-0  may  be  written  in 
the  form 


X 


"_ri]_y-0 


Comparing  this  with 

,  cos  tf"  Bind' 

we  nave 

22i?^8inf__  ^co8»g  +  8in'^ 


J 


whence  eo8tf=—-^—=,   sin ^^_ 

where  that  sign  is  selected  which  will  make  sin  0  a 
positive  quantity,  for  $  being  less  than  ISO',  its  sine 
18  necessarily  positive. 

We  ha/e  thus  found  the  direction-cosines  of  the  line. 

The  general  equation  then,  reduced  to  the  required 
form,  18  -1     «. 

"'['a)  y-O 

-£  1 


When  the  equation  is  expressed  in  this  form,  the 
denominators  being  the  dieetion- cosines  of  the  line 
we  may  put  its  terms  equal  to  r,    where   r   is   the 
distance  from  (- J  o)  to  {x,y). 

Retaining  the  direction-cosines  in  the  denominators, 
we  may  repUce  -Jo  by  the  co-ordinates  of  any 
point  through  which  the  line  passes. 
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Exerclaes. 

1.  Find  the  equation  of  the  straight  line  through  the  intersection  of 
the  straight  lines  x-3y  =  0,  2*  +  y-l=0,  and  passing  through  the 
point  (  -  2, 3).  [{x-3y)  +  k(2x  +  jf-l)=  0)  represents  a  locus  through 
the  intersection  of  these  straight  lines  (§  12) ;  since  it  is  of  the 
first  degree  in  x  and  y,  it  represents  a  straight  line.  Putting 
a;=-2,  y  =  3,  wefindi.] 

2.  Find  the  equation  of  a  straight  line  through  the  intersection  of 
the  lines  *+y  + 6=0,  y  =  fc,  and  through  the  origin. 

3.  Show  that  the  lines  2x-3y  +  4  =  0,  3x-y-l=0,  4x-3y  +  2=0, 
all  pass  through  one  point.  [All  straight  lines  through  the  intersec- 
tion  of  the  first  two  are  represented  by(2x-3y  +  4)+ib(3x-y-l)=:0, 
or  by  (2  +  3*)x-(3  +  i;)y  +  4-i!=0;  and  of  this  system  one  is 
4x-3y  +  2=0,  provided  a  value  of  ifc  can  be  found  that  will  satisfy 
2  +  3*       3  +  *        4-i     „,.         .       .      6 

~4~  =  -3-  =  -g--     The    value  *=  -  does    this.     Hence  the 

three  lines  pass  through  a  point  The  concurrence  of  the  lines  can 
also  be  proved  by  finding  values  of  x  and  y  which  satisfy  the  first 
two  equations,  and  showing  that  these  values  satisfy  the  third  ] 

4.  A  straight  line  cuts  off  variable  intercepts,  a,  b,  on  the  axes, 
which,  however,  are  such  that  -  +  -  =  -,  a  consUnt.  Show  that 
all  such  lines  pass  through  a  fixed  point    [The  linesarerepresented  by 

X 

a 


y  c    c 

+  ^  =  I ;   but  -  ^  g  =  •  5    introducing  this  relation,  the  equation  of 

the  lines  becomes  -  (x  -  c)  +  ^  (y  -  c)  =  «,  which  always  passes  through 
the  fixed  point  (c,  c).] 

3.  A  straight  line  slides  with  its  ends  on  the  axes  of  x  and  y,  and 
the  difference  of  the  intercepts,  o,  h,  on  the  axes  is  always  propor. 
tional  to  the  area  enclosed  ;  i.e.,  b -a  =  Cab,  where  Cis  a  constantb 
Show  that  the  line  always  passes  through  a  fixed  point    [Line  is 

-  +  j=l;  also-.^-j.^=l;etc.] 

6.  Find  the  direetlon-eosines  of  the  line  -&r-i-2iy-t-4«a 
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7.  The  points  (2, 3),  (4,  8)  both  lie  on  the  line  .\r  -  2y  -  4  =  0  of  the 
previous  exercise.  Write  the  line  in  the  form  ~~  =  ILJ!.  =  r, 
osing  these  points.  I  m  ' 

8.  nnd  the  distance  from  the  point  (2.  3)  aionr  the  line 

fe-^-4  =  0  (of  the  previous  exercise).  tO  the  line  x  +  2y-  I0=0. 
[See  Ex.  10,  p.  ao.]  y  • 

9.  Reduce  the  equation  ae  +  4y+12=0  to  the  standard  form 
g-n     y-fc 

/    ~  "i^^*"'  *""  P°'"*  («•  *)  **«ng  the  point  where  the  line  cuts 

the  axis  of  x. 

la  InthosUudardform  ^,  =  fj^;  =r.  for  what  direction  from 
the  point  (a,  b)  are  the  valuef  of  r  positive,  and  for  what  direction 
negativer  [Discuss  the  equation  y  -  6 =r  sin  *,  where  sin  $  i,  always 
positive.]  ' 

11.  Find  the  direction-cosines  of  the  line  Zz-ysS. 

12.  Employ  the  standard  fonn  '^  =  i^=r  to  find  the 
middle  point  of  that  segment  of  the  line  2*-y=2  which  Is 

Intercepted  by  the  Unes  x  +  2y  =  4,  3x  +  4y  =  12.  [Let  the  point 
be  (a,  6).  so  that  2«-6=2.  Then  the  Une  2r-y=2  may  be  written 
'-<*  _  y-h  _  J  r  2r 

I     -     2     -  r,  and  X  =  a  +  -^,  y = 6  +  Substituting  these 

f»luee  in  x  +  2y  =  4,  we  get,  as  distonoe  from  middle  point  to 
x  +  2y=4,  r  =  —  (4-«-»>).  SimiUrly,  distance  from  middle  point 
toline3x  +  4y=12isr=  ^'  (I2-3a-4/».  These  values  of  r  are 
equal  with  opposite  signs,  being  measured  in  opposite  directions; 


hence   -^   (4  -  «  -  26) 


~  "  IT  <''--3o-4A),  or  138  +  216=52;  also 


2a-6=2;    whence   a=~,   h  =  lt] 
la  Find  the  equation  of  the  locus  of  the  bisections  of 

SJi°r*.!*""*°*^  ^y  *^'  ""~  *^2y  =  4,   3r  +  4y=12,  and 

having  the  same  direction  as  the  Une  at-y.2L   [if  (a,  »; 
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be  the  bisection  of  any  of  such  lines,  by  the  preceding  exercise  we 
get  the  relation  13a  +  216-62.  Hence  13*  +  21y-a2  ia  the  equation 
of  the  locus.] 

14.  Lines  are  drawn  parallel  to  the  line  !ir-y=a  Find  the  loci 
of  |»ints  which  divide  the  jjarte  of  such  lines  intercepted  by  the 
lines  a?  +  2y  =  4.  ar  +  4y=12.  both  internally  and  externally  in  the 
ratio  2 :  1,  •.«,,  distance  to  ar  +  2y=4  double  thit  to  ac  +  4y=  12. 

What  do  these  loci,  with  the  lines  a:  +  2y  =  4, 3*  +  4y=  12,  form? 

24.  To  find  the  angle  between  two  straight  Unet 
whose  equations  are  given. 


i^ 


(1).  Let  the   equations   of   the   lines  be  f'-mz  +  b 
tf'-m'x  +  b',  where  i»-tan  6  and  »*'  =  tan  ff,  $  and  0' 
being  the  angles  which  the  lines  make  with  the  axis 
of  X.    Let  ^  be  the  angle  between  the  lines. 
Then  tan  ^  -  tan  (tf  -  (T), 
tan  6  -  tan  ^ 
"l  +  tantftan^* 
m  -  m' 


i  +  mm'* 
which  determines  the  angle  between  the  lines. 
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(2).  If  the  equations  of  the  lines  he  Ax  +  Bp+CmQ, 
A'x  +  B'^  +  C'-O,  these  may  be  written 

y-  -^-2.  y-  -p-^i  andm-  -^  ,»•-  -^. 
A     A' 


Heuce  tan  ^■ 


"       A    A' 

A'B-Air 
'AA'  +  £jr' 


25.  When  the  equatloiia  of  two  straight  Uiim  are 
giyea,  to  And  the  conations  for  parallelism  and  p«r- 
pendicttlarity. 

If  the  lines  be  parallel,  ^  =  0',  and  tan  ^-0,  if  per- 
pendicular  ^-90*,  and  tan  *=  «.  Hence,  referring  to 
th^  forms  for  tan  ^  in  §  24,  we  see  that,— 

X(l).  If   the    equat'ons    of    the    lines    be    w-wjt  +  6 

(^y-m'x  +  ft',  '  ' 

Joondition  for  parallelism  is  m-m'; 

^^"  "  perpendicularity  is  1  +  mm'  -  0,  or »«'  -  -  i 

m 

(2).  If  the  equations  of  the  lines  be  Ax  +  Bu4-C^n 

A'x+B'y  +  C'~0,  * 

condition  for  parallelism  is      A'B-AB'^0    or   —  =  ^- 

*  A'    H* 

"         "  perpendicularity  is  AA'-^BB^^ 

Exercises. 

1.  If  ♦  be  the  angle  between  the  lines  ^*+5y+c.a 
A'*^By^c=%  show  that  •  ^ 

««-^^ — L-        »  ^^'+fl«' 


««  ♦    s/I  +  taiTv ' 


V^''+ir'  V4'«+^' 
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into  the  form  X  c«. . + y  ,i„  . =p,  „  becomln*       '^"'^•"^ 
^/3'Tfl»'     v/T^TT^*'  ^  TTIiT^^'''  *"*•  "how  that 


co8^  =  co«i(a- 


«')  = 


AA+BB" 


yfl^H»  ^A^T^' 


■^nt  J.     5f  •quatlon  of  the  straight  line  through  the 
point  (2.  -3),  and  parallel  to  the  line  tie-sy  ™T  (mi 

in«,    through    (2.-3)  .re    r«pre«ent«l    by  Aix-i^+aJt^  n 
«!«);. nd  /or  th.t  which  i,  p.™„e.  to  ^4    ^=0  we^uttt:; 


A{x-2)+Z^ 


„      ^y  +  3)=0,  or2;r-ay-l9=o 
is  the  equation  required.] 

J-frj*  'Jf  •*!."*"**"  "^  '•»•  "'"^'ht  line  through  the 
th!™  L^  ^  wd  perpendicular  to  the  line  2r-?f-,?o 

i-'JLoo      ^   ^^'^^     •""*     ~'^'''°"    "'     perpendicularity    i 

5.  The  angular  points  of  a  triangle  are  (8.  -41   U  nw    o      a\ 
»«d  the  equation,  of  the  lines  through  thi  angu  J^^ot  't^'/nd  "  ^ 

M*r,  •      ^'   ^'^^'P^M'-'fir   coefficient*   and    changinir  siirn 

J:^  t"haftt"?"*=' '" r'""*^-'-  *o  ^hi-.     Then findTffomfh; 
fact  that  this  line  peases  through  ( -  2,  -  6).  J 

':^The  equations  of  the  8ide«  of  a  triangle  arex  +  2i/-«-0 
^y-7  =  0.  .-y^,=0.  Find  the  equationfof  the  stl^Lt  H"n^ 
^«gh  the  angular  poi„t«and  ,«rpendicular  to  the  oppoeS  aZ^ 
^11  straight  lines  through  the  intersection  of  xT2r-«=;^ 
2r  +  y-7=0  are  «pr««nted  by  (x  +  2y-S)  +  A  (2r  +  y-7)  =  0.  that 
^hrnce^^T  •"  *<'-y+'=0  require  1(1. 2J,_7,2ti)=;!  ' 

oriyrthere  7:^i";^;ir '"' "'  '•'•  '^^'^"'^^^"'- '-- «- 

8.  Find  the  angle  between  the  lines  3x  +  y  -  2  =  0,  2«  -  y  -  a  ,a 
^  9.^Find    the   equation    of    the   straight    line    perpendicular  to 
J  + 1=«1,  and  passing  through  the  point  (a,  6^ 
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la  Find  the  equation  of  the  straight  line  which  maken  an  intercept 
•  on  the  axis  of  x,  and  is  perpendicular  to  Ax  +  B^  +  C=0. 

11.  Find  the  equations  of  the  lines  through  (2,  3),  and  making  an 
angle  of  80*  with  x  -  2y +  6  =  a 

12.  Find  the  equations  of  the  straight  lines  through  the  origin, 
and  niaking  an  angle  of  45"  with  the  line  x  +  y=S.     [Let  line  be 

)f=mx.     Then  ±  1  =^^  ;  etc.] 

18.  Write  down  the  equations  of  the  straight  lines  perpendicular 
toxcoe  m  +  jf  sin  a=p,  the  perpendiculars  from  the  origin  on  them 
boing  both  p', 

14.  Form  the  equations  to  two  lines  through  the  points  (3,  -  2)  and 
(4,  3),  reepectirely,  and  at  right  angles  to  each  other. 

Why  do  undetermined  iconstants  appear  in  the  equations  ? 

15.  Find  the  angle  between  the  lines  Sx  +  y-»-12s0,  and 
«  +  ^-  1=0,  Infer  the  angle  between  the  lines  &i:  +  2y-  1=0  and 
&r-t-Qy  +  5=0;  also  between  the  lines3x-9y-fi=0and  4c -2|y-»- 7 =a 

16.  What  relation  exists  between  the  lines  fix-^y  +  IQaO, 
fhf-  iar-t-9=0?    What  is  the  disUnce  between  them  ? 

17.  The  equations  of  the  sides  of  a  triangle  are  x-y+l«0^ 
7x-4|f4-l=0.  &c-0y-l»a  Find  the  equations  of  the  linaa 
through  the  angular  points  parallel  to  the  opposite  sides. 

18.  Find  the  condition  that  the  line  y=mx-«- 6  may  be  perpendicttlar 
to  the  line  X  cos  a +  y  sin  m=p. 

19.  Find  the  equation  of  the  line  through  (4,  0)  and  paimllel  to 
fte-9y-5aO.  Find  the  distance  between  these  parallel  lines. 
What   tbsrefore    is    the    perpendicular  distance    from   (4,  S)   to 


8a;-9y-8»0?    [pia2x-3^-S: 


y/li. 


''^H 


end  for  parallel  line  k 


-j^  I  and  these  are  on  opposite  sides  of  the  origin.] 

90.  The  equations  of  two  sides  of  a  triangle  are  Sx  -f-  4y  -  12a0  and 
i*-lf  +  4=0.  Find  the  equation  of  the  third  side  that  the  origin 
■ejr  be  its  orthooeotra  of  the  triaii|^ 


^' 


'. 


' 
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26.  To  find  tiie  distance  from  a  given  point  to 
fi?Mi  ttraight  line,  eotiniated  in  a.  given  direction. 
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Let  P{a,b)  be  the  given  point,  and  KLiAx  +  Bif+O 
-0)  the  given  straight  line.  Suppose  PQR  the 
direction  in  which  the  distance  to  the  given  line  is 
to  be  estimated,  and  let  this  direction  be  determined 
by  its  direction-cosines  /,  m. 

Then  the  equation  of  PQ  is 
x-a    v-b 

whence  af-a  +  7r,  y-5  +  mr,...(2) 
where  r  is  the  distance  from  {a,  b)  to  («,  y). 
If  we  substitute  the  expressions  of  (2)  for  z  and  y 
in  Ax  +  Bff+C'-O,  yre  are  assuming  that  the  x  and  y 
of  (1)  are  the  same  as  the  x  and  y  of  Ax  +  By  +  C^O. 
Hence  (x,  y)  must  be  the  point  Q  where  the  lines  in- 
tersect, being  the  only  point  for  which  x  and  y  have 
the  same  values  for  both  PQ  and  KL. 
Substituting 

vl  (a  + /r)  +  B  (6  +  mr)  +  (?- 0  J 


iHiioh  la  the  distance  required. 


AJ+Bm 


1 


a 


II  ;j': 


^ 
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Numerical  exercises  embodying  the  princip/e  of  this 
proposition  have  already  been  given.    Exs   12   13   14 
pp.  58  and  59.  '      '      ' 

27.  To  And  the  perpendicular  distance  from  a  given 
point  to  a  given  straight  line. 

Let  (a,  h)  be  the  given  point,  and  Ax-k-Bv+C^O 
the  given  straight  line. 

Then  the  direction  given  by  the  line 

x-a    y -h 
I        m    " 

in  $26,  becomes  now  the  direction  PN,  which  is  per- 
pendicular to  i4x+fiy+C'-0.  The  condition  for 
perpendicularity  requires 

whence  i-'»=±^.f±^... 


and  7  -=  ± 


ni 


JA^  +  B*-'  -HIA^TW 

Substituting  these  values  for  /  and  ••  in  the  ex. 
preadon  for  r,  §  26,  we  have 

which  is  the  perpendicular  distance  required. 

If  only  the  magmtude  of  the  perpendicular  disUnce 
w  required,  the  algebraie  sign  before  the  expression 

*IJ  !f,Y  ^  »«K^««t«^-    The  qiK'Htion  of  the  sign 
of  PX  wUl  be  considered  in  $  2a. 
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If  the  given  point  ^^  the  origin,  «  and  6  are  both 
WTO,  and  the  perpendicular  distance  becomes 

C 

an  expression  we  liave  already  met  with. 

Exercises. 

,  1.  Fmd  the  distance  from  the  origin  to  the  h»e  ar  +  3y-  lO^o  in 
O  direction  inakiiig  an  ungle  of  45"  with  the  axis  of  x. 

2.  Find  the  distance  from  the  ,«int  (7,  1)  to  the  axis  of  u.  i.,  « 
direction  makmg  an  angle  of  «»"  with  the  axis  of  ^. 

r a      y-h 

m 


3.  Find  I,  m,    the  directionoosineM  of  the  line : 


/ 


=  r. 


Zfl  ^\  fT  ?  'u  -  ""•  •»'*"*P*«d  »'y  f'e  axes  of  :c  and  y 
shall  be  iMsected  at  the  point  (a,  b).  [x  =  „+/r.  v=l'^mr-  and 
•quatiom,  of  axes  .re  y=0.  .=0.  Hence  subetitujg  and  ^utt'g 
nines  of  r  equal  with  oppoaite  signs.  iL  =  *  ;  etc.  ] 

Kwo  ?V.r  '!:?'""°°"  7'-*-38=0-  [lute^ectionof 
l"t  two  i.  (6,4);   ami  7*-y-38=0   may   be   written  in   form 

*-6     y-4 

whence distMoe  from  (C,  4)  to  interaection  with2r  +  9y+  17,aj 

a  In  the  tri«,gle  of  the  preceding  exereise.  find  the  length,  of  tlu. 
perpendicuUre  from  the  angles  on  the  opposite  sidee. 

«.  Find  the  orthocentre  of  the  triangle  in  Exereise  4. 

7.  FiiHl  the  disUnoe  along  the  line  through  the  points  (3  -1\ 
(  ~*yS)  from  (S.  -  1)  to  the  line  A  (x  +  4)  +  fi  (y- A)=o  * 

^Jl't  n***J^'ri.°""  *•'  **"  "'"»  P^«««<«»*r  to  the  line 
«- ^  +  8  =0,  and  at  distance  3  from  the  origin. 

AtL^''  ??*  1*  •*"■  °'  '  P^'"'  ''•'•*»'  "o^-  •»  *»••*  the  Mm  or 
di^nmceof  iUidist«M»B  from  two  given  straight  lines  iscoostMit. 
w  Itself  a  stnight  line.  "»w^»l»^ 
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la  £zpra«  by  an  equation  the  relation  that  must  hold  between 
a  and  ft  that  tne  point  (o,  b)  may  be  equally  disUnt  from  the  line* 
8a:-4y  +  S>0anda;  +  2y-7=0.    Give  two  rmulta. 

28.  It  is,  of  course,  only  when  (n,  b)  ii  a  point  on 
th«  line  -4x  +  By  +  C = 0  that  the  expression  Aa  +  Bb  +  C 
vanishes.  A  little  consideration  will  show  that 
Aa  +  Bb  +  0  is  positive  for  all  pointd  {a,  ft)  on  one  side 
of  the  line  Ax  +  By+C='0,  and  tsgative  for  all  pointe 
on  the  other: 


Let    C    be    the    point    (a,  ft),    and   KL  the    line 
Ax  +  Bv+C=0. 

Since  when  P  (a,  y)  ib  a  point  on  the  line,  Aa  +  By  +  C 
vanishes,  therefore 

Aa  +  Bb+C'-'Aa  +  Bb  +  C-iAa  +  Bjf+C) 
-B(ft-y). 

An  examination  of  the  sign  of  (ft-y)  for  different 
positions  of  (a,  b)  as  Q,  Q^,  ...  ,  when  (a,  y)  is  P  or 
P„  will  show  that  ft  -  y  is  positive  on  one  side  of  the 
line,  and  negative  on  the  other  side.  Hence  Aa  +  Bb  +  C 
ia  positive  on  one  side  of  the  line  and  negative  on 
tlM  other,  the  factor  B  being  of  oonstant  sign. 


! 
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Or  we  may  say  at  once  that  when  Q  is  on  one  side 
of  the  line,  ft-y  represents  a  distance  measured  in 
direction  PQ,  and  on  the  other  side,  in  direction  QP; 
and  that  therefore  6  -  y  has  opposite  signs  on  opposite 
sides  of  the  line. 

Hence  Aa  +  Bb+0  has  opposite  signs  on  opposite 
sides  of  the  hue  Az  +  By  +  C^O,  (a,  b)  being  a  point 
not  on  this  line. 

We  may  thus  speak  of  the  ponitii^  and  negaHve 
sides  of  a  line. 

If  we  can  ascertain  the  sign  ot  Aa  +  Bb+0  for  any 
point  («,  6)  outside  the  line,  we  know  at  once  the 
positive  and  negative  sides  of  Ax  +  fiy+C-0.  We 
naturaUy  select  the  origin  (a-0,  6-0)  for  this  exam- 
ination.  If  then  O  be  positive,  the  origin  is  on  the 
positive  side  ot  Ax  +  By  +  C^O-,  and  if  C  be  negative, 
the  origin  is  on  the  negative  side. 

If  the  line  be  of  the  form  Ax  +  By^O,  we  may 
substitute  the  co-ordinates  of  any  point  on  either  of 
the  axes,  and  so  determine  the  positive  and  negative 
sides.  Thus  for  the  line  3.c-4y=.0,  the  positive  part 
of  the  axis  of  x  is  on  the  positive  side,  and  the  positive 
part  of  the  axis  of  y  is  on  the  negative  side. 

If  we  change  the  form  of  the  equation  of  the  line 
from  Ax  +  Bi,  +  C  =  0  to  -Ax~By-C  =  0,  the  former 
positive  side  now  becomes  the  negative,  and  the 
negative  side  the  positive. 

If  in  the  expression  for  the  perpendicular  from  the 
point  (a,  b)  on  the  line  ilj;  +  %  +  C  =■  0, 

Aa  +  Bb  +  C, 
~JA'  +  B*  ' 
we  agree  to  consider    JFTb*   ali(«yt  poaitiy«^  thtt 
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•ign  of  the  perpendicular  is  the  same  as  the  sign  of 
Aa+M+C,  and  therefore  is  positive  on  the  positive 
«de  of  the  line,  and  negative  on  the  negative  side. 

ITie  preceding  considerations  are  of  importance  in 
forming  the  equations  of  the  loci  of  points  equi- 
distant from  two  given  straight  lines;  U,  the  equa- 
tions  of  lines  bisecting  the  angles  between  two  given 
straight  lines.  We  can  best  illustrate  this  by  a 
numerical  example: 

SuiqxMe  the  equationn  of  two  given  linea  an 
x-2y  +  4=0...  (1) 
4.c-,3y-6=0...  (2) 

BvidMUy  the  origrin  is  on  the  positive  aide  of  (1),  uid  on  the 


Mg^ive  ^e  of  (2) ;  ie. .  the  region  within  the  angle  DIF i.  poritiv* 
for  (1)  and  negative  for  (2) ;  within  the  angle  OIK,  negatwTflJ 
(Dand  poriUve  for  (2);  within  the  angle  DIO.  negative  foTIJ^ 

lBr(2).    We  have  thua  the  region,  within  which  the  perp«id3cak« 
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on  (1 )  and  (2)  are  of  the  aune  or  of  oppottite  signs.     Hence  if  we  write 
x-2if  +  4        4g-ay-6       ,,, 
^/«  6         •  •  <''• 

we  condition  that  (a-,  y)  shoald  be  a  point  within  either  of  the  anglea 
DIF,  OIK,  such  that  the  perpendiculan  from  it  on  (I)  and  (2)  are 
nuinericaUy  equaL    Thne  (3)  is  the  equation  of  the  Un«  KIL  which 
bisects  the  angles  DIF,  OlM. 
If  we  write 

n/8      "        6 


(4), 


WB  condition  that  («,  jf)  shall  be  a  point  within  either  of  the  an^ee 
DIG,  FIE,  such  that  the  perpendiculars  from  it  on  (1)  and  (2)  ai« 
numerically  equal  Thus  (4)  is  the  equaUon  of  the  line  NIM  which 
HMcts  the  angles  DIO,  FIE. 


Bxerriaes. 

L  On  which  side,  or  8ide^  of  the  line  4ir-8y-0«Odo  the  points 
(I.  2),  (4, 2)  lie  T  On  which  side,  (nrsides,  of  the  line  4x-^«0f  On 
which  side,  or  sides,  of  the  line  ^  -  4a;a  0  T 

2.  rind  the  equations  of  the  lines  bisecting  the  angles  between  the 

lines  a:  -  3y=0,  4c- 3y=0 ;  and  having  constructed  these  Unes  from 
the  mode  of  derivation  of  each  of  the  bisectors,  place  them  properly 
with  respect  to  a;  -  ^  B  0  and  4x  -  3y = a 

Prom  the  equations  of  the  bisectors  how  must  they  be  situated 
with  respect  to  one  another  ? 

a  Find  the  eqnaUons  of  the  lines  bisecting  the  angles  between  tho 
Une«  ar-y  +  8=0,  a:-ay  +  80=0;  and  distinguish  between  the 
bisectors.  Verify  your  result  from  a  figure  in  which  the  bisectors 
•re  placed  by  finding  approximately  their  intercepts  on  the  axes. 

4.  The  angular  points  of  a  triangle  are  (1,  2),  (4,  3),  (3,  6).  Tind 
the  equations  of  the  lines  bisecting  tho  interior  angles  of  this  triangle. 
Prove  that  these  bisecting  lines  aU  pass  through  a  point 

«.  In  the  triangle  of  the  preceding  exercise  find  the  bisectors  of  the 
exterior  anglea  at  (1,  2),  (4,  3). 

Proro  thai  they  interMot  on  the  bisector  of  the  intorior  ansle  at 
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IT.  ObUqne  Axes. 

».  In  certain  cases  it  is  convenient  to  employ 
oblique  axes,  and  though  the  detailed  consideration  of 
■nch  ia  beyond  the  purposes  of  the  present  work,  the 
rouowing  propositions  may  be  of  service. 

(1).  To  find  the  equation  of  a  atnlght  line  in  terms 
rfttetatertept.  which  it  make,  on  the  axes,  supposed 


The  diagram    being    analogous   to   that   of   (  14 
P^  BOaT^"  "*  '^**°«^^''  ^y  "^^r  *rianglei 

which  is  «ie  equation  required,  the  form  being  the 
Mme  as  when  the  axes  are  rectanguhir. 
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(2).  To  And  the  eqtuitioii  of  a  ftnlght  line  whkh 
throiigli  two  given  points,  azee  oblique. 


n 


Tiie  diagram  and  notation  being  analogous  to  that  of 
f  15,  where  the  axes  are  rectangular,  by  similar  triangles 

*i  -  «,    y,  -  y,* 
which  is  the  equation   required,  the  form  being  the 
same  as  when  the  axes  are  rectangular. 

(3).  The  general  equation  of  the  first  degree,  Ax+B^ 
+  C-0,  always  represents  a  straight  line,  axes  oblique. 

It  represents  some  locus.    Let  (x„  y,),  (x^  y^),  (,^  y^ 
be  aujf  three  points  on  tlie  locus  it  represents. 
Then    Ax^  +  B^^  +  C~0, 

Ax^  +  Bj/,  +  C'=0. 
Hence    A(x,-x,)  +  .B(y,-y,)_0, 


and 


*!-'«  yi-y»' 


U,  by  S  29,  (2),  the  point  (x^  y^  must  Ue  on  tho  straight 
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Une  through  (x„  y,),  (x^  y,).  Hence,  unoe  any  three 
points  on  the  loons  which  ^x  +  By+C-O  wprewnts 
•re  in  h  straight  line,  the  locus  must  be  a  straight  line. 

(4).  The  equation  Ax  +  By+C=0  represents  any 
straight  line.  If  it  pass  through  the  point  (a,  6)  we 
have^«  +  B6  +  r=0.  Therefore,  combining  this  con- 
dition  between  A,  Jt,  C  with  the  equation  of  the  Une. 
we  have 

i4(a;-a)  +  B(y-ft)-0, 
M  the  equation  of  any  straight  line  through  («,  ft),  the 
form  being  the  same  as  when  the  axes  are  rectangular. 

Bxereiaes. 

1.  A  straight  line  cuts  oflT  intercept*  on  obliqua  uea,  the  sam  of 
the  reciprocab  of  which  is  »  conatont  quantity.  Show  that  aU  raoh 
•traight  lines  paw  through  a  fixed  point 

.^^A*^^'^^\  ""*  ""***•  •'""»  *•*  ""  (oMiq«»)  of  X  and  y,  and 
the  difference  of  the  intercept*  ii.  always  [.roportlonal  to  the  area  It 
encloses.  Show  that  the  line  always  passes  through  a  fixed  point 
[Here  h-a=hab  sin  **.  where  k  is  a  constant,  and  •#  is  the  angl* 


between  the  axen. 


Hence  -  .  -. . 

a    tsin«* 


tit^hri^''***'-! 


S.  The  base  (2a)  and  the  straight  Une  (ft)  from  the  vertex  to  the 
middle  point  of  the  base  of  a  triangle  being  axes,  find  the  equations 
of  the  straight  lines  which  join  the  middle  points  of  the  other  sidM  to 
the  opposite  angles.     Find  also  their  point  of  intersection 

4.  Show  that  the  strnight  lines  x  -  y =0.  »  +  y =0  are  perpendicular 
at  whatever  angle  the  axes  be  inclined  to  one  another. 

B    OA.OBan  two  fixed  straight  lines  inclined  at  any  angle,  and 

Jlfrt^  "^r^"^^^'^  «  "d**"  variable  point,  on  O^ 
and  05,  such  that  AQ«,teBR  In tb.ooa.t«t«tlo  1 :  *.  Showthat 
the  locus  of  the  middle  point  of  <>y?  is  a  stmightline.    [Take  O^  OB 

let   AQ=u.      Then   2x=a  +  .,  1^=6+^  wh«  a^OA,  hLoBx 
eliminate  a.  ]  .        v»  j 
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t.  Or,  On  are  two  fixed  m(  might  liii«M  intmmctiiig  at  any  angl*^ 
Wtna  a  point  P  perpendicubra  PN,  PM  ara  drawn  to  Or,  Oy,  and 
Arough  iV-and  M  lin«.  are  drawn  parallel  to  O^,  Or,  meeting  in  Q. 
Show  that  If  the  locuii  of  />  be  a  straight  line,  the  locus  of  Q  is  alM  • 
■traight  line.  [Take  Ox.  Oj,  a«  axes.  Let  oo-ordlnatee  of /» be  x.  y. 
andof^,  a,A  Letwbethe  angle  between  Ox,  Oy.  Then  ainoe  P 
movee  in  a  straight  lin  Ax+Bgi^C=0.  Alao  a=x  +  yoo«i# 
^=|r  +  xoos.#;  whence  find  x  and  y.  and  aubstitut*  in 
Ax+Bff  +  C^O.] 

7.  If  the  angular  pointe  of  a  triangle  lie  on  tliree  fixed  stimigfat 
lines  whirh  meet  in  a  point,  and  two  of  the  sides  pass  through  fixed 
points,  then  the  third  aide  ahm  passes  through  a  fixed  point  [I-t 
^,  A  C be  the  triangle,  and  Ox,  Oy,v  =  mx  the  three  fixed  stiaighb 
lines,  ^lyingonO*.^onOy.andCony=»M:.  Let /^Cpass through 
a  fixed  point  iV.  g).  •«!  CA  through  a  fixed  point  Q{k,  k).  Let 
OA-m,  OB=p.  Then  foi.-ning  the  equations  of  BP,  AQ,  and 
introducing  the  condition  that  they  intersect  on  y  =  mx.  we  shaU 
obtain  a  relation  between  a  and  fi  which  may  bo  put  in  form 

1  1 

-•  const  *  T- .  oonstKll 
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80.  To   duuigt  the   origin    o 
chanfinc  the  direction  of  tiie  nz» 


co-ordinates  wJthont 


b 


y 


a 


\^ 


Ic' 


I 


X 


Let  Or,  ()jf  be  the  orijfinal  axes ;  O'jj',  O^  the  new 
axes  having  the  name  directions  as  the  former.  Let 
the  point  P  have  the  co-onlinates  x.  y  with  respect  to 
the  oriifinal  axes,  and  the  co-ordinates  «*,  y  with 
respect  to  the  new  axes. 

Let  tlie  co-ordinates  of  O  with  respect  to  the 
original  axes  be  a,  h. 

Then  «  -  Oy- a  +  0*^' -  a + «•  J 

Henee  the  oH  co-ortHnates»  of  any  point  are  expressed 
in  terms  of  the  new  ones.    Therefore,  if  in  the  eqantioa 


^ 
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.^ 


of  any  locus  we  RubRtitute  n+<r'  for  r,  and  ft  ^-y*  for  y, 
the  new  equation  wiU  be  the  eqiiH*! ,  of  the  same 
loons  bnt  referred  to  O'jt',  (Xy*  as  r;,  ,- 

In    applying   the    forms    we      ihj      h  c      ;ri?r    by 
writing  g  +  a  for  x,  and  y  +  ft  fd   ,/ 

81.  To  change  the   directi',Q>  ^     tl «   ax^s  vJtiM.;t 
changing  the  origin,  both  syft  ma  be  i »  -t  tao^uiar. 


Let  Or,  Oy  be  the  original  axes ;  (hf.  Otf  the  new 
axes;  and  9  the  angle  x(kf  through  which  the  axes 
have  been  turned.  Let  the  point  P  have  the  co- 
ordinates  «,  y  with  respect  to  the  original  axes,  and 
the  co-ordinates  x",  y*  with  respect  to  the  new  axes. 

Draw  FN,  FN*  perpendicular  to  Ox,  Ox'  respectively, 
and  N'M^  IfL  perpendicular  to  Ox,  PN  respectively. 

Then  lN'PL^x'0x  =  9',  and 

«- OJV^- Oif- i^' .  j/ cos  tf  -  y*  sin  tf  J 
f~yp~MN'+LP=xr  sin  tf +  /  cos  $. 
Hence  the   old  co-ordinates   of  any  point  are  ex- 
prcMed  in  terma  of  the  new  ones.     Therefore,  if  in 
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the  equation  of  auy  lotun  we  substitute  a-' cos  0 - y  sin # 
for  X  and  *'  sin  #  +  jT  cos  ^  for  y,  the  new  equation  will 
be  the  equation  of  the  same  locus,  but  referred  to 
ftr'  (V  as  axes. 

In  applying  the  forms  we  may  save  time  by  writiuK 
«  cos  tf  -  y  sin  9  for  jr,  and  x  sin  »+y  cos  9  for  y. 

32.  These  fonnuhis  for   change  of  axes  are  chiefly 
used  for  the  purpose  of  getting  rid  of  certain  terms 
of  the  equation  of  a  locus,  so  simplifying  the  e«iuu. 
tion  and  making  the  discussion  of   the  nature  and 
properties  of  the  locus  less  laborious.    It  wiU  usually 
be  found  that  the  simpKfying  of  the  equation  in  th^s 
way  IS  represented  geometrically  by  the  placing  of 
the  origin,  or  axes,  or  both,  more  symmetrically  with 
respect   to   the    locus.     Indeed   we    might   naturally 
Mpect  that  making  the  equation  a  more  symmetric 
function  of  x  and  y,  i.e.,   simplifying   it,   would   be 
•ocompanied  or  represented  geometricaUy  by  phwing 
the    corresponding   locus    more    symmetrically    with 
respect  to  the   lines  (axes)  which  give  to  «  and  y 
their  meaning  and  values. 

These  general  statements  may  weU  be  iUustrated  by 
ft  numerical  example. 

Ex.     To  aimiilify  Um  aqution 

(a).  Let  w  flnri  •umirw  wbitUier  we  oen  transfer  the  origin  to  • 
point  .uch  thet  the  term,  of  the  flretdegne  in  «  ud  ,  dudl  dtanpimr 
from  the  eqiwtioa,—  "^ 

■^MieferriDg  the  origin  to  the  point  (A.  *),  the  equntion  beooue. 
lfa«  -  lOtf  +  I V +  («*  -  10*  -  MVr  f  (  -  10*  +  96*  -  «)y 

+ 13*  -  luu  +  iai»  -  aa*  -  aat  ^  87»a . . .» 


I 
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Tk»  toroM  involviMy  rtwt  iiowen  of  x  awl  y  ilisapijoar  if 
28*- 101-38  =  0, 
IOA  +  2fU-22=:(l. 
Tli«»  equatiiHiHare  sutufied  by  k  =S,  t  =  -2. 

Subrtltatlng  the.*  value,  for  A  ami  k  i„  ,2).  the  e.,uatio„  l«c^e« 
lXr»-ia«y+13y»-7-2=0,...(3) 

f^I  Z^^*'  7*^  •qu.tion  (I)  becom«i  when  the  origin  i,  tnu.,- 
ferreii  to  the  potnt  (3,  2). 

A  knowledge  of  the  locua  we  are  dealing  with  would  ahow  tlmt 


(b).  Let  u.  next  enquire  whether  we  can  turn  the  axea  throng  an 
Mgle  auch  that  the  term  involving  the  product  ;ry  ahall  diaaniear 
from  the  equation.  iv^ 

Turning  the  axea  through  the  angle  #.  tlw  equation  becomea 
I3(*oo.#-y,in#)»-|0{«co.#-ywn#)(x»in#  +  yco.#) 

+  I3<j;ain#  f  yooa  #)*- 72.0, 


or 


(l8ooe«#- 10  ain#ooa#+ IS  «n«  #)*•+(- 10  coa»#+l08in«#)^ 
4  (IS  aiir'«+ 10  sintfcaaf^  IS  oo^ljyi- 72.Q, 

Th»  term  involving  ary  diaappaara  if 

-  IOca«*#+ 10un*#>0t 

OriftMllai,  kc,  if«ai4Ci. 


w 
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8«b^tfagth«»  ^  for  ..n,.^    1     fbroo.#In(4).  tl««,„^ 

9*4'- 
whfchreip««ent,uh»t  equntion  (3)  becomes  when  the  axe.  .t  C  .re 
torned  through  the  angle  45'. 

t«™jl!ri'*'^  °^'i'  1°"""  ""*  "^  •'**""»  ^i^**  *«"'^  "how  that 
tarning  the  «xe«  at  (/  through  4,5'  «.e«„,  „«king  O-x'  .  ,d  OV  th„ 

•«^  With  raapeot  to  both  of  which  the  locus  ha.  axial  ^mstr,. 

Exercises. 

w^n  the  orig.,. ,,  tr»nsfer«d  to  the  ,«i„t  (3. 4).  the  di.«.tion;  of  th^ 
•xes  remaining  the  same  f 

Whl^a  --.t-titution.  for  x  and  y  „„  „«,«  ,„  „  ^,,„         .^.^„ 

oi  ia»  axes  remainmg  the  same  1 

•iL^'  »«»»titutions  for  «  and  y  are  made  in  a  given  equation 

£lS!  ST/r*'"^'"''  "*  *"■■"«'  •"  «  »«"tivedi.^tionThro«gh 
Boe  angle  BO",  the  ongin  remaining  Uie  same  ? 

L*!.!^'  »"»*«t»»'on«  for  X  and  y  a,,  m«le  in  a  given  equation 

the 


6' 


when  the  axes  (rectangubr)  are  turned  through  the  angle 
origin  remaining  the  same  ? 

win^""^'*"""""  '*"■"""*  '  ■"  ""^^  *"  •  Pven  equation 
tZ^^t^  "•.'-•"«i'':-'firh  ISO-,  the  positive  direction™ 
becommg  the  negative,  and  the  negative,  the  positive t 

«.  Transform  the  origin  to  the  point  where  the  axis  of  y  cuts  the 
bca.  who^equation  is  a.-5y-  ,«=o.  ami  find  what  this  Z^^^n 
beoomea  when  referred  to  the  new  axes.  -qwion 

JLr^r^\  the  equation  y«-4r  +  4y  +  8  =  0  becomes  when  the 
•Wnta  transferred  to  the  point  (1.-2);  ami  trace  a  part  of  tS 
rHilioltli..qaatioiiwhen«ferredtothenewaxifc         i*"™"* 


r 


Change  of  Axia. 
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)! 


9.  Find  wh«t  the  equation  if+^-ix+tgmO  tiaMmtt  irhM  Um 
origin  te  tnnaferred  to  the  point  (2,  -  S). 

la  Doee  the  point  (0,  -^  U«  on  the  locoa  of  the  equation 
Ax+Bp■^C=01 

When  the  origin  ia  tranaferrad  to  thia  point  what  does  thia 
equation  become  r 

11.  What  doea  the  equation  ai»+y«=»*  become  when  the  origin  ia 
transferred  to  the  point  ( -o,  -b),  the  dirwUona  of  the  axea  beins 
onchangedT 

12.  What  doee  the  equation  ««+»"-2r+4y+I-0  become  when 
the  origin  is  transferred  to  the  point  (I,  -2) »  Trace  the  graph  of 
the  equation. 

18.  What  doee  the  equation  *«  +  y»=r«  become  when  the  axea  ai« 
turned  through  any  angle  #,  the  origin  ranaining  the  same? 


14.  Find  the  point  to  wliieh  the  oriffin  most  be  tntns- 
ftrred  that  the  equation  a«»+4y*-i2j:^  8y+i6=o  maj 
Inv  We  no  terms  of  the  tint  degree  in  x  and  y. 

[L«t(A,i)bethepointrequired.  Then  transferring  origin  to  tiiia  point 
the  equation  becomes  S(*  +  A)*  +  4(y  +  *)»- 12(ar  +  *)  + 8(y  + *)  +  !«= q 

orS*«+4y«  +  («*-l2Vr  +  (8*  +  8)y  +  8A«+4*«-I2*  +  W+l«=a  Henc^ 
terms  of  first  degree  disappear  if  M-12=0.  and  8*  +  8  =  0;  i.e.,  if 
A=2,  i=  - 1 ;  and  the  point  to  which  origin  must  be  transferred  is 

What  doea  the  eqoaUon  become  when  the  origin  is  transferred 
to  this  point  f 

15.  Does  the  point  (0,  -  2)  lie  on  the  locus  of  the  eqnaUon  «•+»  - 
&e+y+2=0r  ^ 

Transfer  the  origin  to  a  point  which  will  make  the  oonatont 
term  diaappear  from  this  equation.    What  does  the  equation  become? 

When  no  oonitant  term  appears  in  the  equation  of 
a  loeus,  throuffh  what  point  must  the  locus  pass? 

i«.  Through  what  angle  must  the  axes  be  turned  that 
the  term  iuTtdvlng  ay  in  the  equation  (Lc*-4jaay+i<v.4 
majr  dltappeart 


00 


Analytigal  G£0MBTBT. 


[I«t#be  the  angle  rwiaired.    Then  .uhrtltatlng»oo.#-y,in#far 
\  «T       '+"«*'"«'»'.  the  equ»tlon  beoome.  6  (*coe  # - y  ,ln  «)• 

■*.     Henoe  that  the  term  involving  xw  may  diaeniMr  m  nnL 
ortM«#-VS.    Therelow2<?=e(r,«nd#»a0*]  «»«»-<^ 

WlMtfe  does  th*  aqiutioo  bMOMMt 


J ; 


f-vS-^ir 


CBAPTBKT. 


fiom  it*  deflnition  the  properties  of  the  curve  are 
deduced.  In  Analytical  Oeoinetiy  we  define  the  circle 
and  from  the  deflnition  form  the  equation  of  the 
curve  the  equation  being  nothing  more  than  the 
to»ndat,on  of  the  definition  into  analytic  h»nguage. 
m,e  equation  being  thus  a  special  form  of  T. 
definition  of  the  circle,  a  consideration  of  the  equation 
will  reveal  the  properties  of  the  curve. 

D«FnnnON.-.A  circle  is  the  locus  of  a  point  which 
move,  ma  phrne  so  a.  to  be  always  at  n  constant 
distance  from  a  fixed  point. 

TJe  oonstaiit  distance  is  caUed  the  radius,  and  the 
fixed  point  the  emire  of  the  dnjle. 

1.  IfaatiM  •€  the  Circle. 

M.  To  and  tht  eqnatioa  of  a  drcto  whooe  centro  od 
wdlui  an  firia. 


I. 


.e^M,: 


AVALTTIOAL  GeOHKTBT. 


^       -lif  ^^"^^^  ^  *^*  **"*'*'  "^  »•  ^^  "dim  of  the 
•We  J  and  wppow  P(^^)  .„y  j^j^^  ^^  ^^  ^^ 


farence      Complete   the    figure   as    in   the   diagram 
Then  evidenUy  CK^x-a,  KP^^-b-,  and 

(«-a)*  +  (y-d)«-r«, 
which  i8  therefore  the  equation  of  the  circle  (§8). 

It  wm  be  seen  that  the  preceding  equation  expresses 
L  n#  T''  ^T*^  *^'  characteristic  property,  or 
taw    of  the  cmjle,  namely,  the  constancy  of  the  dis- 


^ 


^K" 
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Cob.  1.  If  the  centre  of  the  circle  be  at  the  origin, 
0-0,6-0;    and  the   preceding   equation    reduces  to 


the  foim 

as  may  also  be  seen  at  once  from  the  preceding  flgnre. 
This  form  of  the  equation  of  the  circle  is  the  one 
generally  used,  being  the  simplest. 

Cor.  2.  If  the  centre  of  the  cirde  be  at  the  point 
(r.O),   then   a-r,  6-0;    and   the   equation    becomes 

y 


(«-r)»  +  (y-0)«-r*, 
or  a^  +  y*-2rr-0, 
a  form  which   may  also  be  obtained  from  the  pre- 
ceding flgure. 


Ahalttioal  Geometrt. 
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84.  To  iatwprtt  gMiiMtrlciaij  th«  cqwitiM 
*•  +  y»  +  2/1  jr  +  2iJy  +  C  -  0, 
whtn  A,  B  aaAC  an  couoats,  utm  btlaf  rtctaagalar. 
This  equation  may  be  written  in  the  form 

or  i»-(-A)}*+i^-(-B)}>~A*  +  B'-C. 

The  left  side  of  this  equation  expresses  (§4)  the 
sqnare  of  the  disUnce  of  the  moving  point  («,  y ) 
trom  the  fixed  point  (-A,-B)i  and  the  eqnaUoa 
declares  that  the  sqnare  of  this  distance  is  eqnal  to 
A'  +  B'-O,  which  is  constant. 

Hence  the  equation 

«« + jf* + 2i4« + 2By  +  C- 0, 
when  the  axes  are  rwUnguUr,  is  the  equation  of  a 
Circle  whose  centre  is  ( -  A,  -  B),  and  whoM  radius  U 


Ixerdsea. 

1.  rind  the  cqiMtioM  of  the  following  eiralea  from  the  fomuU  of 
laa.  Abo  ooiutnict  the  circlee,  end  And  their  equMkma  frtim  the 
Jfurae  withoat  oaing  the  formuhii 

(1).  Centre  (4,  -  .1);  ndius& 

(2).  Centre  (.1,  2);  iwliHS  4. 

(S).  Centre  (  -  4.  0);  redioe  & 

(4).  Centre  ( -  3,  -  5);  nuliue  «. 

(5),  Centre  (-3,  2);  rMlitu  ^It. 

2.  Find  the  po-ordinetes  of  the  centre  Mid  the  nliM  of  iMhtf  the 
following  circlea :  ^^ 

(I).  «*  +  y*-&r-^  +  «.a 

<2).  x*  +  y*  +  ftr  +  a^-f6aa 

<8).  ««  +  y»  +  ar=a 

<4).  (af  +  y)»+(«-yf.4. 

(ax  3e*  +  ^  =  ax  +  h^. 

(6).  a(«  +  y«  +  yj.  +  a^+yi  +  ^,^. 

(7>  a(««  +  y^»fcr  +  fy. 


Trk  CncuL 
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i.  rind  tU  «qMtion  of  th.  cJrcU  which  hu  for  diw»«t,c  th«  liw 
Joining  the  poinU  (1.  2).  (.\  H).  ^ 

JJ[i"lll*"  '!"*"?"  ''r'f  ••  "^  "'"'•  '•**'-7'-  "»*  lO-O  in. 
Ur«ct.  the  .xl,  of  Of.    [ At  wch  poInU  y  -  ft     Putting  y  =  0  in  tho 

|jq«.Uonof  th.ci«l..^.7.+  10-0,  wh«K*  th.  rluji  ,  ^  SI 
pointa  of  intenection.  ] 

a.  In  th.«,u.tionof  •oiroIo.a^+^+M,  +  a^  +  C-0.  whrntmn,* 

n  *^  "»">«»>»  tho  origin,  tho  oquation  miut  bo  MtiofM  by 

oeiiu  on  tho  mum,  tho  oirclo  pMring  through  the  origin? 

•od  eats  off  length*  a.  6,  from  tho  uog.  * 


85.  Definitions.  A  straight  Une  which  meeto  a 
curve  wiU  in  general  intersect  it  in  two  or  more 
^nta    Such  a  line  i«  caUed  a  Meant  to  the  curve,  m 


i»  and  Q  being  saooeadve  pointu  of  InterMction  of 
the  secant  with  the  curve,  if  Q  move  along  the  eorve 
■o  •«  to  approach  indefinitely  close  to  P,  the  Umitinf 
position  of  FQR,  say  PT,  is  called  the  tangvnt  at  P- 
»Bd  P  is  caUed  the  point  of  contact  of  the  tangent  PT. 


■^  Analytical  Geometry. 

The  tMgent  i.  tha.  »  rtnught  Una  pMdng  through 


a^tf^  ^  *  "r;*^'  *»»«>»firh  the  point.  P(^,y)  „d 
V(«,jr)  on  the  circle  ar«  +  y«-Lr».  »»/""« 

The  equation  of  the  line  through  (x-, y), (x*. y")  i, 

^'•«'-«^-fc5<'-'') (1). 


thltre"""  <''*"^'^^'^'>  ^-  -  '»•«  «-!•  «•+*•-»-, 

a;'«+y'«  =  ,^, 

»nd  therefore  ^         ' 

«*  -  X"  y'  +  y*     (S/- 


or 
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HtDM  (1;  beeomM 


''^'-^('-'') (*). 


t«^i?  A  ^'  ^''^'^  ™^^«  »P  ind^flnitely  cIom 
to  («'  y);  then  Pg  become.  Pr,  the  tangent  »t  Px 
abo  *--^,  y  .y,  »nd  (4)  become.  ' 


y-y--^(«-«') 


.(6). 
(6);  «nd 


Hence  ry  +  yy'.x^^y^.^^ 

i.  the  equation  of  the  Ungent  to  the  ciwle  at  the 
point  (r,ff'). 

^l^l'^fT"^  to  note  th.  rignlflcm*  of  th.  dilh«nt  .tagM  i„ 
(I)  i>  tho  aquation  of  the  lino  through  ai.y  two  point,  (x'.  y),  (•,  y^. 
the  ooeOcient  ^  being  the  Ungwit  of  the  angle  which  the  line 
makm  with  the  mxiaotx  (|18). 

(2)i.theoonditionth.tthepoint.(ar'.n  (*•.  »")  «•  two  point. 
LZdiLt  ^"'^  ""^  i-ttheoHgin.  for  ..oe.  notepXin 

Jtngle^wJ.K.h  the  ««„t  through  (x-.  y).  (^.  y^  n^TJ^u,  thl 

(4)  i.  therefor,  the  equation  of  .line  through  two  poinU  U  «'». 
(^^^.^y-)  on  «.y  circle  whoM  cent-  I.  .t  the  origin.  ^,UM  in)l 

•nd  (B)  i.  therefore  the  equitUon  of  .  Hw.  through  (x'.  ,')  and  a 
contiguou.  point.  Wh  poinU  being  on  ««y  circle  whoLecent«  bat 
theorigin;  ">d  -  f;  In  thU  I.  the  «&;,«<,  ,TUue  of  the  t«,gent  of  the 
•ogle  at  which  PQ,  now  PT,  i>  inclined  to  the  axi.  x. 

But  when  in  (8)  we  put  x'+y*  equal  to ,-.  the  cirale  ceaH*  to  be 
•mroircl**  and  beooiBe.  that  whoMr«liu.i.r.  »- ^  «»  oe 
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Analytical  Geometry. 


^  37.  To  find  the  equation  of  the  tangent  in  term*  of 

its  inclination  to  the  axis  of  r. 

Let  d  be  the  angle  which  the  tangent  makes  with 
the  axis  of  z;  and  let  tan  e  =  m. 

Then  the  tangent  may  be  represented  by  y-wx+ft 
where  6  is  yet  to  be  found.  ' 

If  we  treat  the  equations 

y  =  mx  +  h, 

as  simultaneous,  the  resulting  values  of  x  and  y  must 
be  the  co-ordinates  of  the  points  in  which  the  straight 
line  intersects  the  circle  (§11). 

Hence  the  values  of  x  in 

a:2  +  (»u;  +  6)«-r*  =  0, 
or  (l+»»>2  +  2»»6ar  +  62-r2  =  0....(l) 
must  be  the  values  of   x  at  the  points  where   the 
straight  line  intersects  the  circle.    If  these  values  of 
X  are  equal,  the  points  of  intersection  coincide,  and 
the  straight  line  is  a  tangent. 

The  condition  for  equal  values  of  a;  is 

or  J-  ±r  Jl  +  m«. 
Hence 

y''mx±rJ\Tm^ 
is  the  equation  of  the  tangent  to  the  circle,  having  an 
incUnation  9  to  the  axis  of  x(w  =  tan*).  The  double 
sign  refers  to  the  parallel  tangents  at  the  extremities 
of  any  diameter;  these  though  differing  in  position 
have  the  same  inclination  to  the  axis  of  x. 

Equation  (1),  being  a  quadratic,  shows  that  a  straight 
line  cuts  a  circle  in  two  points. 
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The  following  is  an  iltern.tive  demonrtration  of  the  preceding 
{Nvposition :  "  * 

We  have  shown  that  Ihe  equation  arx' +yy'=r»  is  the  tengen  tat 
the^wint  (x',  y*).    If  now  the  aquations 
,#  arx'  +  yj-'-^=0. 

/  ,  mx-y  +  b  =0, 

represent  the  same  straight  line,  then 

m_^_    b 
x'"y'-  -r»' 

therefore  -i- =  :}=  x/1  H-w" 

—  •a     > 

'^  r 

or6=+r^f+^. 

and  y=mx±r^l  +  ♦»»  is  a  tongent  to  the  circle  *»+y»=r« 

38.  The  straight  line  drawn  through  any  point  on 
a  curve,  perpendicular  to  the  tangent  at  that  point, 
is  called  the  noFmal. 

/^      To  find  the   equation   of  the   nomud  to  the   circle 
^^   x^  +  y'-  =  t^  Attht  point  («',y'.) 

The  equation  of  any  straight  line  through  the  point 

(*',y')  is  ,   ^j 

A{x-x')  +  B(y-y')  =  0....(l).     '-"^*      ' 
If  this  be  the  normal  at  (x',  y')  it  is  perpendicular  to 
the  tangent 

xx'  +  yy'  =  r»; 
and  the  condition  for  perpendicularity  (§25)  is 

i4x'  +  By'  =  0 (2). 

Introducing  in  (1)  the  relation  between  A  and  B 
given  by  (2),  and  so  making  (1)  the  normal,  we  have 
for  the  equation  of  the  normal  at  {x\}f) 


*-«'-y.(y-y')=o, 

or  -,  =  -.. 


•X 


I 


i; 


y 
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Analytical  Qeometby. 


The  form  of  this  equation  shows  that  the  line  it 

circle   x+f^  =  r^  ,s  the  centre.     Hence  the  normal  at 
any  pa,nt  of  a  circle  passes  through  the  centre. 

Exercises. 

is  -i~^'^^''  ^^'~*^''  ^-''  2^^«)'  «!«>  at  the  points  whose  abscissa 

o^ty^Xhth  WhTn""  °'  ''^  *^"^'''«  *-  ^  «->« 
0/V.V  **  *•**  following  inclinations : 

SO-toaxwofx;  60-toaxi8of«;  45' to  axis  of  .r. 
3.  Find  the  points  of  contact  of  the  tantrents  in  th«  .,««--i- 

(1)  parallel  to- +y=l. 

aft 

(2)  parallel  to  ^a;  +  i?y  +  C=  0 ; 

(3)  perpendicular  to^a:  +  JS'y  +  c=0. 

[The  first  equation  may  be  written  y= -^r  +  b.  so  that  «,=  -*  ] 

P«s  through  the  point  («.  OX    [Ifxy  +  ^y.^  be  such  a  (.n^^n' 
ax'=r«,anda:'=-.   Also  a;'»+y'2=;Ji .  4^.] 

;^!'ii'?  '^;75"  ^'  *  '^*  '»•«  ""«  y =-  +  *  ^y  touch  the  cin^le 
«• + 3^=  4.    [Either  of  methods  of  §  37.  ] 

7.  Find  the  condition  that  the  line  ^x  +  ^v  +  0-0  m/iv  J-  .  * 
gent  to  thecircle  ^.^=^.    fEither  of  meth^^f'g^^  *"***"- 

n«t  I""^  *J«  fq«ations  of  the  tangents  to  the  circle  a:»+y»=r«  which 
passthroughthepont  -1(1+ J3Vr  n+    /1^^  I       itt    \i  *""'" 

y=nu  +  r^n^       ^  ^       "■    ''  ^'  ^  ^^^'^  ^-     I^««  ''»«  equation 

-Wif  !"*'  ?*  T^!'^''  °^  **•*  ''•"''«  ^''°«'  «"»*«»  i«  at  the  origin  and 
2^.<Ato«che8thelino:.+yV3-6=a  [Assume  a- +y.=TJc"«i 
•ndobtMioondition  that  line  touches  it]  »-a8circto, 
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10.  Find  the  equations  of  the  circles  which  touch  the  positive  di- 
rections of  the  axes  of  co-ordinates,  and  also  the  line  x  +  2y = 4.  [Tlie 
equation  of  the  circle  touching  the  axes  is  «»  +  y*  -  2rx  -  2ry  -t-  r»= 0  • 
for  in  this  putting y=0,  the  values  of  ar  are  e,,ual ;  etc.] 


III.    Kadlral  Axex. 

2^     39.  To  interpret  geometrically  the  expression 
^  ir-  +  y^-  +  2Ax  +  2B!/+G 

when  (*,  y)  is  not  a  point  on  the  circle 

x'^  +  y'-  +  2Ax  +  2By+C=0. 


Let  the  circle  of  the  diagram  be  the  circle 
x'  +  y'  +  2Ax  +  2By+C=0.  Then  K,  its  centre,  is  the 
point  (-A,  -By,  and  KP,  its  radius,  is  ^/A'  +  B^-C 
(§ 34).  Let  T  be  the  point  (x,y),  and  let  PT  be  a  tan- 
gent  passing  through  T.  Then 
a*+y»  +  2^x  +  2i?y+C=:{x-(-^)}2+{y_(__g)}s 

-{A^  +  B'-C}, 
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Hence  when  {x,y)  is  a  point  external  to  the  circle 
x2+y2  +  2^a:  +  22fy  +  C  =  0,  the  expression  x'+y'^  +  2Ax 
+jBy  +  C  is  the  square  of  the  tangent  from  (x,y)  to 
the  circle.  v  »y/  "" 


If  the   point   T(x,  y)  be  within  the   circle,  in  like 
manner 

x^+y^^2Ax  +  2By+C=KT^-KP\ 

=  -(KP-'-K'n), 

FT  being  the  chord  which  is  bisected  at  T,  and  the 
angle  PTK  being  therefore  a  right  angle  (§  46,  i). 
Hence  in  this  case  a;' + y«  -.  24x  +  2By  +  C  is  the  square 
refix^         ''^'''^  ^'^^''*^  *'  ^'''  ^^'  '^'^^  negative  sign 

In  both  cases  PT^  is  equal  to  the  product  of  the  seg- 
ments of  any  chord  through  T  (§  45,  Cor.). 

Hence  in  both  cases  we  may  say  that  z'^  +  y^  +  2Ax  +  2By 

+  C  represents  the  product  of  the  segments  of  any  chord 

through  (X,  y),  the  negative  sign  occurring  when  the 

point  IS  within  the  circle,  since  then  the  segments  are 

measured  in  opposite  directions  from  T. 

40.  The  equations  of  two  circles  being 

'^  +  f  +  2Az  +  2By+C=0,....(l) 
««+y»  +  2A'«  +  2B'y  uc'.o,.  .(2) 
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if  we  place  the  left  sides  of  these  equations  equal  to  one 
another,  so  obtaining  the  equation 

'''  +  y'  +  2Ax  +  2By+0~a*+f  +  2A'i  +  2B'y+C',.  (3) 
then  {X,  y)  in  (3)  must  be  a  point  such  that  the  squares 
of  the  tangents  (or  products  of  segments  of  chords),  and 
therefore  the  tangents,  from  (x,  y)  to  (1)  and  (2)  are 
equal  to  one  another. 
But  (3)  reduces  to 

2M-^>  +  2(^-B')y+C-C-0,....(4) 
w^ch,  being  of  the  first  degree,  represents  a  straight 

Hence  the  hem  of  points  from  which  the  tangents  to 
two  given  circles  are  equal  is  a  straight  line.  Such  a  locus 
18  called  the  radical  axis  of  the  two  circles.  Equation 
(4)  IS  the  radical  axis  of  the  circles  (1)  and  (2). 

A  convenient  notation  for  (1)  and  (2)  is  «= 0  «'  =  0  •  so 
that  ^-  ^' - 0  is  the  radical  axis.    If  8=  0,  «'  =  0  inter- 
act, then  (§  12)  the  points  of  intersection  ]ieon8-8'  =  Q 
Hence  tt»A«n  tm  circles  intersect,  their  radical  axis  passes 
through  the  points  of  intersection. 

^Il^^  equation   of  the  straight  line  joining  the 

r§4»  ii"       '^^'^^ ^''  ' ^^  **'  *^®  ""^^^^  <^'  ''^^  ^2) 
3^  +  A  y  +  B 

-Ai-A        :\ 

B 


-£  +  B" 
nr        "  y  A 


B-B 


■0; 


and  this  (S  26)  is  evidently  perpendicuUr  to  the  radical 

AXIfl 


axis 


2(A-A')x+2{B-B)y^  0-  C^O. 


Hence  the  radical 
to  ihe  Hue  joining  (heir  centm 


axis  of  two  circles  is  at  right  tmgh$ 


i'l 


m 
-I 

•rf| 
'I 
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J«.^n.  r.dic.1  .«.  of  three  gi.en  circle.  «•  eoa. 

Let  the  three  circles  be  represented  by 
^Tafang  these   two  and  two  together,  their  radical 

w  (§12)  a  straight  line  through  the  intersection  of  the 

Exercises. 

^l.^F.nd  the  cent™  and  r^dinsot  tl^  circle  K^^K^^2A.,^ 

point  being  without^he  cTrcle  T  ^     '""  '*••  ^^'  <'«  *>•  *»»» 

(«'.)^l:^r£'^^''"  '*''  '"«  ^--  »'  '•»«  '^-K'-t  fro.  the  point 

4.  Show  that,  as  X  variea,  aU  the  circlM  of  f  K-  * 
6.  Prove  that  the  square  of  the  tangent  that  can  I-  ^~       *_ 
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'^a^  +  b'  +  2Aa  +  2Bb^C.  Also  a«  +  6»+2.4'a  +  2fl'6  +  C"  =  0.  Hence 
.s.)uure  of  Ungent  =  d'  +  V  +  2Aa  +  2Bb  +  C-{a^  +  b'  +  2A'a^ 2B-b  +  C) 
=  lU-A')a  +  2(B-B\b-iC-C'-,  etc.] 

7.  Show  that  any  pair  of  the  system  of  circles  repre«ented  by 
ar»  +  y«  +  2Vr  +  c  =  0,  where  X  is  variable,  has  the  s;ime  radical  axis. 

8.  As  a  |»int  moves  round  one  of  the  circles  of  the  preceding  ays- 
tem,  tangents  are  drawn  to  two  other  circles  of  the  same  system. 
Show  that  the  ratio  of  the.se  tangents  is  constant.  [Let  k  l)«  value  of 
X  for  first  circle,  and  g,  h  for  two  other  circles.  Then  squares  of  tan- 
gents are  2(g  -  k)x,  2(A  -  k)x,  Ex.  6.  ] 

9.  There  is  a  series  of  circles  all  of  which  jwss  through  two  fixed 
points,  and  also  a  fixed  circle.  Show  that  the  radical  centre  is  a 
fixed  point.  [The  series  is  represented  by  x^  +  y''  +  2Ax  +  2Ky  +  C=(i, 
where  X  is  variable,  and  ^,  C  constants;  for  such  pass  through 
two  fixed  points  on  axis  of  x.  Axis  of  x  is  their  radical  axis.  Let 
*» + y"  +  2P*  +  2gy  +  i? = 0  be  fixed  circle.  Radical  axis  of  it  and  any 
one  of  series  is  2(/>-^>r  +  2(Q-X)y  +  «-C=0,  etc.] 

10.  Three  circles  have  fixed  centres,  and  their  radii  are  r,  +  X, 
t-g  +  X,  r,  +  X,  where  X  is  a  variable.  Show  that  their  radical  centre 
lies  on  a  fixed  straight  lino.  [Let  circles  be  ar»  +  yS = (r,  +  X)»,  (x  -  o)« 
+y»=(r,  +  X)^  (ar-6)a  +  (y-c)a=(r,^-X)».  The  rad.  axis  of  first  and 
second  is  2aar-o«={r,-rj)  (r,  +  r,  +  2X) ;  and  of  first  and  thiid 
26* + ay  -  ja  -  c»=  (r,  -  r,)  (r,  +  r,  +  2X).     Eliminate  X.  ] 


IT.   Poles  and  Polars. 

Definition.  The  polar  of  any  point  P  with  respect 
to  a  circle  is  the  locus  of  the  intersection  of  tangents 
drawn  at  the  ends  of  any  chord  which  passes  through  P. 

The  point  P  is  called  the  pole  of  the  locus.  It  may 
be  either  within  or  without  the  circle ;  if  it  be  on  the 
dreumference,  the  locus  is  evidently  the  tangent  at  P. 


J^    43. 


yr, 


To  find  the  polar  of  any  given  point  (a^.y*)  with 


respect  to  the  circle  x^+y'^  =  \ 

Let  QR8  be  the  circle  x''-  +  y^  =  r\  and  P  the  given 
VAat  {nf,  y).    Let  a  chord  through  P  cut  the  circle  in 
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»t  (*,  *)  (* ,  t).  Then  as  the  chord  through  P  aMumes 
iUfferent  positiona,  and  in  consequence  T  ohanaes  its 
pontion,  the  locus  of  r  is  the  pohw  of  P. 


The  tangents  at  (A,*)  and  (*',*-)  are 

jrA'  +  yf-r*. 
Hence  the  co-ordinates  of  T  satisfy  these  equations, 
and  therefore  the  co-ordinates  of  T  satisfy 

/*  M  /I?"..?  if'^^  "®*  **"*  *^*  «*"»i8J»t  line  through 
(*,  *),  (A',  f ),  therefore  (5 15)  ^ 

Hence  the  co-ordinates  of  T  always  satisfy 

therefore  they  always  satisfy 

«(^-»)fy(y'-*)-0, 
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that  i8,  x«'  +  yy'-r«  ig  the  equation  of  the  locug  of  T 
and  i«  therefore  the  equation  of  the  polar  of  (x'.y)    ' 
The  polar  of  P  may  conveniently  be   denoted   l.v 
encloging  P  in  brackets, —(p).  * 

the'^ori^n  i?'  '""*""  "'  *'^  ""*'  •«^'"^"»f  <'''y'>  *« 

and  (^  25)  this  is  evidently  perpendicular  fo 

«'-»'  +  yy' =  /•=■'. 
Hence  m  /A.  eiVrfe  the  iM>h,r  h  perpendiadar  to  the 
hm  jomtng  the  centre  to  the  pole. 

Cor.  2.    If  O  be  the  centi-e  of  the  circle,  and  ON 
the  perpendicular  from  0  on  (P),a«'  f  yy»^,  then  (§27) 

,.2 


oy= 


also  0P=  ^gft+^'i. 
.'.  OP.OX=.r^. 

an?iet  th«^*^  r^\^<*>'>  ^  ^^^out  the  cirde, 

r.. !/  '^     • '"'    ?'  ^"**''*"  "'   *^«   *»"««»»*  being 
a«+y^-r»,  since  it  passes  through  (x\y'), 

x'a+y'fi=r^ (1). 

Also  the  equation  of  the  polar  of  (a:', y)  is 

xx'  +  yy'  =  t^ (2). 

(2)   //  ll^^i  '^"""'r.  ''"'"  <^>  **•»'  <-''8)  satisfies 
^),  t.*'.,  that  the  point  of  contact  of  the  tangent  from 
the  pole  lies  on  the  polar. 

Pn?!^>.?°"^pn»"l^°''''''''  ^  *^**«°'  ''O"*  t»»e  figure. 
For  when  PQJt  becomes  a  tangent,  the  points  O  K 

and^rcoincide  in  the  point  of  c'ont^t  of  Tll^nt 


i> 


!» 
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Hence,  when  the  iH.le  iH  without  the  circle,  we  may 
conrtruct  the  jM.Iar  by  drawing  from  the  pol«  two 
tangents  to  the  circle,  and  drawing  a  gtraight  Une 
through  the  points  of  contact.  If  the  i>ole  be  within 
the  circle,  the  relation  (Cor.  2)  OP .  O.V-  r^  guj^gests  the 
con«trn..t,on:  Draw  a  chord  through  Pat  right  angles 
to  OP,  and  at  Uh  extremity  draw  a  tangent  meeting  OP 
111  A.  The  hue  through  .V  imruUel  to  the  chord  is  the 
p:>lar. 

44.  If  Qi-r^y")  ue«  on  the  polar  of  P(x\y),  then  P 
lies  on  the  polar  of  V- 
For  the  polar  of  P{x',y')  U 

"  Qi'",yl  lies  on  this,  then 

But  this  is  the  condition  that  P(T',y')  may  lie  on 
«*  +yf^i^,  which  is  the  polar  of  Q(x',y'). 

f^**"  /  «"  therefore  a  point  Q  moves  along  the 
polar  of  P,  the  polar  of  Q  always  passes  through  P- 
♦h:  Lt  P<»l?i  "°^«f  »Jon8r  a  fixed  straight  line,' 
the  polar  of  the  point  turns  about  a  fixed  point, 
«uch  fixed  point  being  the  pole  of  the  fixed  straight 

COR^  2.  A  special  case  of  the  preceding  corollary 
18,  -TTie  straight  Une  which  Joins  two  points  Pand 
P  Sid  o  °'  ^^^  intersection  of  the  polars  of 

45.  A  chord  of  a  circle  is  divided  harmonically  br 
any  point  on  it  and  the  polar  of  that  point. 

Let  (x'.y-)  be  the  pole  P;  then  xx'  +  yj^^fS  ig  the 
polar  (P).  Also  a  chord  PAB  through  (tf  ^\  is 
represented  by  8       *,y;   is 
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T  -  I 


or  «-x'  +  /*,  y-y'  +  »,A-, (1) 

where  \,  repregents  the  distance  from  (x\  y")  to  (z,  y). 

In  combining  (1)  with  the  equation  of  the  circle, 
(ar,y)  must  be  the  point  which  is  common  to  chord 
and  circle,  i.e.,  must  be  ^4  or  fl;  and  therefore  k  must 
be  PA  or  PB. 


Similarly  in  combining  (1)  with  the  equation  of  the 
polar,  k  must  be  PQ. 

Combining   (1)    with    the   equation    of    the    circle 
«*  +  y»-r2, 

or  *2  +  2(tc'  +  »}y')A  +  x'2  +  y'2-r2  =  0, 
since  P  +  m'^  =  1. 
Hence,  since  PA,  PB  are  the  roots  of  this  quadratic 
in  k, 

PA  +  PB=  -2{lx'  +  my');  PA  .  PB  =  x'^-+y^ -t^-, 

and  therefore  JL  +  ±  =  _ ^lj^_±n^  ,         -,> 

J'A^PB         x^  +  y'-i-ri ^"^• 

Again,  combining  (1)  with  the  equation  of  the  polar, 

(x'  +  lk)x'  +  (y'  +  mk}i/'  =  r», 
or  ilx'  +  my')k  +  x"^  +  y"^-i*m.O. 
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Hence,  since  PQ  is  the  root  of  this  equation  in  h. 


^<?=  -W  ~: (3). 


Im'  +  my' 
Therefore  from  (2)  and  (3) 

PA     PB    PQ' 
and  ^^  is  divided  harmonically  in  P  and  Q. 

Cob.  Since  incidentally  P^.p^  has  been  shown  equal 
to  a,-  +y^-r*,  an  expression  independent  of  the 
direction^josines  I,  m,  which  give  the  direction  of  the 
chord,  therefore  the  product  PA  .  PB  h  constant  for 
all  directions  through  P.  Hence  if  a  chord  of  a  circle 
pass  thpougrh  a  fixed  point,  the  rectanyle  contained 
Dy  the  segments  of  the  chord  is  constant 
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.JLt^^h  *""  r^  1  '!:'  P"*"""  <^'  «>'  <2.  «).  ( -  «.  -  8).  with  re. 
spect  to  the  circle  ar'+y*=2S. 

fiH:  ^"f  i*""  T'T  °f  ~"'**'^  °'  '*°8«"*»  *~«»  the  point  (7.  1)  to 
«.^c.rcle  :.«+ya=25.     (Find  poi„t«  of  intersection  of  polar  with 

^IT^tl'^Tl'^t^^'' «"«  3x-2y  +  5=0  with  respect  to  the  circle 
a!"+y»=17.    [Let  xx'  +  yy'=i7,  which  is  the  pokr  of  (x',  y-),  be  the 

line  3«-2y  +  6=0.     Then  |.' = -?1  =  zil. etc  1 
4.  Find  the  poles  of  the  lines 

Ax  +  B}f +  0=0,^  +  1=.  I, 
with  respect  to  the  circle  xS+y*  =•»•». 

*il'  ^'f'^^'i^^  *"  '»>«  PoJe  of  the  line  y=m«  +  6  with  resp«A  to 
the  circle  as»+y»=,-,  m  being  variable  and  b  consUnt  fThisline 
always  passes  through  the  fixed  point  (0, 6);  therefore  its  pole  always 
moves  along,  etc.  ]  *^    ""^ys 
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«.  Pind  the  locus  of  the  pole  of  the  line  j,=mx  +  h  with  respect  to 
the  circle^+y»=r»,  m  being  constont  and  6  variable.  [Let  i>oIe  be 
(x'.y').  Then aaZ+yy-^^o and  ««-y+6,o  tepneent  the  «iim 
line;  thnefore  -  =etc.l 

7.  IfthepoleelieontheKne  Ax+By-i-C^O,  obtain  the  general 
equation  of  the  polars,  the  circle  being  «»+.v«=,^.  [The  polarsall 
pass  through  the  point  ^  -  d^*,  -  -r»).] 

8.  When  does  the  polar  become  a  chord  of  contact;  and  when  a 
tangent  ? 

9.  Show  that  if  the  point  (x'.y')  Ues  on  the  ci«5le<r»+y»=*»  it* 
polar   with    respect   to   the  circle   x'  +  i^^,^   touches   the   ci'rcle 

10.  Show  that  if  the  polar  of  {x'.y^  with  respect  to  the  circle 
*»+y*=»^  touches  the  circle  a^+j^=  A»,  then  (»-.  y')  Um  on  the  circle 

11.  Prove  that  the  distances  of  two  points  (x'.  y-),  (y-,  y^  from  the 
centre  of  a  circle  are  proportional  to  the  distenoe  of  each  from  the 
polar  of  the  other  with  respect  to  the  circle.  [Distance  of  («',  y') 
from  the  polar  of  (a^,  y")  U  o^'^+lf'i/' -  >^  .    .    , 

12.  Find  the  conditions  that  must  be  fulfiUed  that  the  line 
^  + By +  0=0  may  be  the  poUr  of  («.  6)  with  respect  to  the  circle 


46.  The  foUowing  are  analytical  solutions  of  propogi- 
tiong  familiar  in  synthetic  geometry: 

rJt  U*  "°«  fro™  the  centre  of  a  elrele  to  the  middle 
point  of  a  chord  is  perpendicular  to  the  chord. 

ui^^Jf'  ^'  ^*''  *^  *«  *•»•  extremities  of  the  chord.      Then 
JCa^  +  a^,  W+lT)  are  the  co-ordinates  of  its  middle  point    Hence 
the  equation  of  the  line  through  the  centre  of  the  circle  »:»  +  «» =r« 
and  the  middle  point  of  the  chord  is 
X        _        y 

J(^  +  ar')-J(y'  +  y», 0) 

Al»o,  936,  (4),  the  equation  of  the  chord  throaeh  U  i/\  (if  i/^Im 
(»-x')(^+«')+(y-y)(,.+y.,^0.     ...(2) 


'1^ 
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^^^nd  evidently  (I)  and  (2)  fulfil  the  condition  of  perpendicukrifcy 

i«.  m  W.^^'  ^'^'  ^^  ^  ^^^  «t'-««>«tie8  of  the  cho«I.     Its  equation 

(*-^)(*'  +  ^)  +  (y-y')(y'+y«')  =  0. 
Also  the  equation  of  a  line  through  the  centre  of  the  circle  and 
perpendicular  to  this  is  (§25)  "»e  circie  and 

and  this  ^tter  line  evidently  passes  through  {  4(x'  +  af).  *(«'+ v^  i. 
which  is  the  middle  point  of  the  chord.  -^^'.  4(y-^y)  h. 

Of  a  cl^te""'*  **"*  ^°^"'  °^  '^*  bisections  of  parallel  chords 

of  t^lt tf  "'^i^  ":*  "''^'' '  "''*'  '"'  '• '»  ^  »»>«  direction-cosines 
of  the  chords,  and  («.  6)  the  middle  point  of  any  one  of  them. 
The  equation  of  the  chord  ia 

x-a     y-h 


I 


m       *• 


-  Of  *=a  +  /A,  y=6  +  mit. 

th«  nr""""*'"*  '?'\T'*''  ^""^  ^'"*"°"  °^  '''^  "~'«.  *  ^i»  represent 
the  d^tance  from  (a.  6)  to  the  points  of  intersection  of  the  choZ^th 

^iZl  L  "T-^l'  *'  •"  '^'  "'**''«  P"'"*  °^  *»>«  «'»»«>"'.  the  values 
of  i  must  be  equal  with  opposite  signs.    Combining  the  equations. 

or  F  +  2(a/  +  6OT)/fc  +  a»  +  62-r»=0 
Since  the  values  of  k  are  equal  with  opposite  si^s 
al  +  lmi=0. 

rJZy  ^"  H  ■'  ')l  """'?'"  P°'"*  "*  ""^  "^"""^  °^  'hose  which  are 
parallel.  Hence  the  relWion  holding  between  the  co-ordinates  of 
every  middle  point  of  the  set  is  rumaies  or 

which  therefore  is  the  locus  required. 

Its  form  shows  that  it  passes  through  the  origin  which  is  the  centre 
of  the  cii^le ;  and  a^  that  it  is  perpendicular  to  the  cho«ls  it  bisects^ 
cit'l«t    T'    .      '  *'"'"*"""  "*  *  'y"'^"'  «^  P^™»«1  "Chords  of  a 

bllnfenL  ftr^TTf "'"  '°  ""  '=''*"^«-     ^^"^-"y  '^is  may 
2^^  *"™  <"J'  *»''  '»>«  P'-««ding  is  given  for  the  sie  of  the 
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«*.^r'-i^*!  ^i}^^  ^°*'"*  °'  *''®  "Wdle  points  of  the  chords 
Of  a  elrele  which  pass  through  a  fixed  point. 

Let  the  circle  be  ar'  +  y»=^,  and  the  fixed  point  P(a,  h).  Let  a 
chorf  through  P  cut  the  circle  in  A  and  B,  and  let  i\r(«,  /»)  be  the 
middle  point  otAB.  v  .  py  «>  "'w 

Then  the  chord  may  be  represented  by  the  equation 
x-a  _y-h 

I   'liT  -"' 
or    x=a  +  lk,  i/  =  b  +  mh. 
If  we  combine  this  with  the  equation  of  the  circle,  k  will  represent 
PA  or  PB.     Hence  PA,  PB  are  the  values  of  k  in  the  equation 
*' +  2(a/ +  few)*  +  o»  +  6*  -  r» = 0. 
.-.  PA  +  PB=~2{al+bm)i 
and     P.V=  iiPA  +  PB)=-{al  +  bm). 
Hence    /'A'*  +  a//»A^+6»,p^v=0. 
But    P.V2  =  (a-ay"  +  (/9-6)«. 
also    /PiV=a-a,  mPN=p-b. 
:.  (a-a)«+(/9-ft)!'  +  o(a-a)  +  6(/9-6)=0, 
or  a9  +  /3S-aa-6^=0, 
which  is  the  relation  always  holding  between  «.  /»,  the  co-ordinates 
of  the  middle  point  of  A  B.     Hence 

is  the  equation  of  the  locus  required. 
Putting  this  equation  in  the  form 

(x  -  Ja)"  +  (y  -  ibf = |(o«  +  6»), 
we  see  that  the  locus  is  a  circle  whose  centre  is  the  middle  point  of 
the  line  joining  P  to  the  centre  of  x«+y«=,^,  and  which  passes 
throughP(«  6)andthecentreofa:»+y«=r»;   i.e..   the  locus  is  the 
circle  described  on  OP  as  diameter. 

(v).  The  angle  In  a  semicircle  Is  a  right  angle. 

L«t  the  circle  be  :^  +  y2=^,  and  A(r,0).  A'i-r.O).  the  extremities 
of  the  diameter  which  cuts  off  the  semicircle.  Also  let  Pla.B)  be  anv 
point  on  the  circle.  ^ 

The  equation  of  PA,  through  (o,  /9),  (r,  0)  is 
x-a_y-fi 
a-r     fi-O' 

or  /te-(a-r)y-/Sr=0. (1) 

Sumlarly,  the  equation  of  PB,  through  («,  /S)  (  -  r,  0)  in 
Ac-(a  +  r)y+/»r=0. (2\ 
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Th«  condition  for  the  perpendicularity  of  (1)  and  (2)  k 
which  holds,  since  (a,  /S)  ig  on  the  circle  «»+ya=  r-'. 

The  equation  of  PC\  through  {..  /»),  ( -  „.  ft)  {, 

Therefore  (124)  "^"^     '*"''" 

a-a     a  +  a 


tan  CPC'='. 


P-h    p-^' 


1+ 

«-o    a+a 

.2a(/»-fe) 


position  of  P(a,  /J). 


tan  OPC>'=  -  -,  and  is  the  same  whatever  be  the 


Exercises. 

8qi.I!"o1  '  r'  °^  ".  '^'"'  '"'''*''*  ™°^*"  ~  '^^  '»»•  ">»  O'  the 

squares  oi  iances  from  two  fixed  points,  sav  fa  OW    «  m  :. 

constant  and  equal  to  c».  F"    «,  say  ta,  oj,  ( -  «.  0).  is 

2.  A  point  moves  so  that  the  square  of  its  distance  from  the  b«» 
of  an  isosceles  triangle  is  equal  to  the  rectangle  under  itodlton^ 
fremthesides.  Show  that  its  locus  is  a  cin^Ie.^  V^tZ^=T^ 
ht  =6.  Take  centre  of  base  for  origin,  and  base  for  axis  of  x  Sen 
equations  of  sidesare?  + I  -,=o.  -f +  |- ,=o.  eta] 

3.  A  straight  line  moves  so  that  the  product  of  the  perpendicuU™ 

Ztlr^j:""  ""^tr'r  '^  --^-^^ve  th.tthTSu.o7S: 

feet  of  these  perpemliculars  is  •  cirele.  being  the  same  cireJor  boS 
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feet. 
( 


ILet  oonaUnt  prodiick=e«;  line  b. y=»«  + A ;  point,  be  (a,  0), 
«.0X    Thenc.=  ^L^^orc.+,.=^^     Al«.  line  through 


l+m* 
(«.  0)  perpendicuW  to  y=««+*  i.  ar  +  «.y-a=0;  and  at  intersection 

4.  Find  the  locus  of  a  point  within  the  circle  *»  +  jr'=r»,  which 
movee  so  that  the  recUngle  under  the  segments  of  the  choitls 
through  It  IS  equal  to  r  times  the  perpendicular  on  the  line  x=r. 

5.  Find  the  locus  of  a  point  without  the  circle  a-'+^r::,^  which 
moves  so  that  the  rectangle  under  the  segments  of  the  chords  throuri, 
It  (or  the  square  of  the  Un-ent  from  it)  is  equal  to  r  times  the  per- 
pendicular on  the  line  z  =  r. 

6.  A  point  maves  so  that  the  sum  of  the  squares  of  its  distances 
from  the  sides  of  an  equilateral  triangle  is  constant  (=c»).  Show 
that  the  locus  of  the  point  is  a  circle.  [Let  sides  be  2a ;  origin  at 
centre  of  base ;  base  be  axis  of  «.    Then  sides  are 

^=l.  -f. 

7.  From  a  fixed  point  O  a  straight  line  OP  is  dr«wn  to  a  fixed 
straight  line.  In  OP  a  point  Q  is  taken  such  that  OP.  0O=c«  a 
constant  Find  the  locus  of  <?.  [Let  fixed  point  be  origin,  and  fixed 
line  x  —  a=0.i 

8.  From  a  fixed  point  A(a,  0)  within  the  circle  x»+y»=r*  a  straight 
line  AP  IS  drawn  to  the  circumference,  and  pitriuced  to  Q.  so  that 
AQ=hAP.    Find  the  locus  of  Q. 

9.  Find  the  locus  of  a  point  which  moves  so  that  the  length  of  the 
tan^nt  from  it  to  the  fixed  circle  *»  +  y»=,-  i,  i„  a  constant  ratio  to 
the  distance  of  the  moving  point  from  a  fixed  point  (o.  6). 

*?■  I'^V'T  "'""''^'*  '*•*  P***"^  <«•  ^^'  <-»•  0)  intersect  at  an 
•nfeJe  e.     Find  the  equation  of  the  locus  of  their  point  of  intersection. 


a^o^3~'' 


+  -^=1;  etc.1 


CHAPTER  VI. 

THE  PARABOLA. 


47.  Definitions.  A  Conic  Section,  or  Conic,  is  the 
locus  of  a  poiut  which  movf  s  so  that  its  distance  from 
a  fixed  point  is  in  a  constant  ratio  to  its  distance  from 
a  fixed  straight  line. 

The  fixed  point  is  called  the  focus ;  the  fixed  straight 
line  18  caUed  the  directrix ;  the  constant  ratio  is  called 
the  eccentricity,  and  is  usually  denoted  by  e. 

When  the  eccentricity,  e,  is  equal  to  unity,  the  conic 
is  called  a  parabola ;  when  less  than  unity,  an  ellipse* 
when  greater  than  unity,  an  hyperbola.  ' 

A  conic  section  is  so  called  because  if  a  right  circular 
cone   be  cut  by  any  plane,  the  curve  of  section  will 
in  all  cases,  be  a  conic  as  defined  above.    It  was  as 
sections  of  a  cone  that  these  curves  were  first  known 
and  their  properties  investigated. 

It  will  be  observed  as  we  proceed  that,  in  determin- 
ing th"  equations  of  the  conies  from  their  definitions 
we  select  as  axes  liues  speciaUy  placed  with  respect 
to  the  curves.  This  is  done  that  the  equations  may 
be  obtained  in  their  simplest  forms.    See  §  32. 

The  parabola  (.=  1)  is  the  simplest  of  these'  curves, 
and  It  will  be  first  considered. 

As  in  the  case  of  the  circle,  we  shall  form  the 
equation  of  the  parabola  from  its  definition,  the  equa- 
tion being  thus  the  expression  of  the  law  of  the  curve 
m  algebraic  language.  An  examination  of  the  equa- 
tion wiU  then  reveal  the  properties  of  the  parabola. 

JUtt 
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I.  Etnatlon  and  Trace  of  the  Parabola. 

48.  To  find  the  equation  of  the  Parabola. 

In  the  parabola  the  eccentricity,  e,  is  unity,  and  the 
distance  of  a  point  on  the  curve  from  the  focus  is 
equal  to  its  distance  from  the  directrix. 

Let  P{z,y)  be  any  point  on  the  curve;  J* the  focus; 
ZM  the  directrix;  PM  perpendicular  to  ZM.  Then 
PF-Pif. 


•  I 


Let  ZAx,  through  the  focus  and  at  right  angles  to 
the  directrix,  be  the  axis  of  x.    Let  A  be  the  bisection 
of  ZF,  so  that  AF=  AZ,  and  il  is  a  point  on  the  curve. 
Take  A  as  the  origin,  and  Ay  as  the  axis  of  y.    Then 
AN-m  X,  NP^y.    Let  ZA  =  AF=  a. 
Then  FP=MP=^ZN; 
:.  FPi  =  ZN^, 
and  J'3^»+^'P2  =  (ZA  +  ^i^t. 

.-.  («-«)« +y2  =  (a +«)2, 
or  y^  =  AHx, 
lAMi  therefore  is  the  equation  of  the  parabola 
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In  the  above  the  positions  of  the  directrix  and 
focns  are  supposed  to  be  given,  i.e.,  the  distance  (ZF-  2a) 
ot  the  focus  from  the  directrix.  Tliis  distance  is  the 
quantity  which  individualizes  the  curve,  or  distinguishes 
It  from  other  parabolas.  Thus  a  is  a  known  quantity 
just  as  r,  the  radius  of  the  circle,  is  a  known  quantity 
in  the  equation  x'^  +  f^r^.  Such  quantities  as  r  and  a 
are  called  paranteters. 


tion. 


49.  To  trace  the  form  of  the  Parabola  from  its 


equa- 


(I).  y-  =  4rtj?.     When  a;  =  0,  y-0,  i.e.,  the  curve  passes 
through  the  origin. 


(2).  y«  =  4«a5.  Since  y»  is  always  positive,  therefore 
X 18  always  positive,  a  being  supposed  positive.  Hence 
the  curve  does  not  exist  to  the  left  of  the  origin  A 
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(8)-  y-  ±2  J  ax.  Therefore  for  a  given  value  of  », 
the  values  of  y  are  equal  with  opposite  signs.  Hence 
the  curve  is  symmetrical  with  respect  to  Ax.  Tliis 
line  Ax,  with  respect  to  which  the  parabola  is  sym- 
metrical, is  called  its  axis. 

(4).  Also  as  X  increases,  y  increases;  and  when  x 
becomes  indefinitely  great,  y  is  indefinitely  great. 
Thus  as  the  generating  point  recedes  from  yAjf,  both 
above  and  below  Ax,  it  recedes  from  Ax-,  and  the 
curve  consists  of  infinite  branches  above  and  below 
its  axis. 

(5).  If  we  suppose  the  straight  line  y  =  MM:  +  6  to  cut 
the  parabola  y2  =  4aar,  we  shall  have  for  the  x's  of  the 
points  of  intersection  the  equation  {mx  +  hf -^ax^O 
or  »«V  +  2(m5-2a)x  +  62  =  0,-a  quadratic,  giving  two 
values  of  x.  Hence  a  straight  Une  can  cut  a  parabola 
in  only  two  points. 

(6).  If  P  be  any  point  on  the  curve,  and  it  be  sup- 
posed  to  move  along  the  curve  indefinitely  close  to  A 
the  line  APQ  is  ultimately  the  tangent  at  A,  and  the 
angle  PAN  is  then  the  angle  at  which  the  curve  cuts 
the  axis  of  x. 


ifiXiPAN=^yJ±, 
AN    X     y 


since  y^^'iax. 
4a 


Therefore  ultimately  tan  PAN  =  ^=  «;  andtheangle 

PAN  in  the  Umit  is  90°.  Hence  the  curve  cuts  the 
axis  of  X  at  right  angles. 

Collating  these  facts,  we  see  that  the  parabola  has 
the  form  given  in  the  diagram.  In  §  9,  Ex.  2,  we  plotted 
the  graph  of  the  parabola  y2  =  4x,  i.e.,  for  which  «  =  ! 

Later  on,  when  the  equation  of  the  tangent  is  reached, 
we  shaU  be  in  a  position  to  show  that,  as  we  recede 


!li. 
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from  the  origin,  the  direction  of  the  cnrve  becomes 
less  and  less  inclined  to  the  axis  of  x,  and  "  at  infinity  " 
is  parallel  to  the  axis  of  x. 
The  point  A  is  caUed  the  vertex  of  the  cnrve. 

50.  To  find  the  distance  of  any  point  on  the  parabola 
from  the  focus. 

In  the  diagram  of  §48, 

distance  of  P  from  focuH-PJ'-3/P=.Z3r, 

=  a+x. 

Dep.    The  doable  ordinate  through  the  focus,  LFL' 
of  the  diagram  of  §,49,  is  called  the  latus  rectum. 

51.  To  find  the  length  of  the  latus  rectum   of   the 
parabola. 

The  co-ordinates  of  L  are  a,  FL.    Substituting  these 

in  y'--4<u;, 

J'J?-4a.a-4a», 

and  FL  =  2a; 

.'.  latus  rectum  L'FL^ia. 


Exercises* 

1.  Find  the  equation  of  the  parabola,  taking  the  directrix  as  the 
axis  of  y,  and  the  axis  of  the  curve  as  the  axis  of  x. 

2.  Find  the  equation  of  the  parabola,  taking  the  axis  of  the  curve 
as  the  axis  of  y,  and  the  tangent  at  the  vertex  as  the  axis  of  x. 

8.  Trace  the  curve  whose  equation  is  x^=46y,  the  axes  being  placed 
as  usual. 

4.  Find  the  equation  of  the  parabola,  taking  the  vertex  as  origin, 
and  the  tangent  at  the  vertex  as  the  axis  of  y,  the  curve  existing 
only  to  the  left  of  the  origin. 

5.  If  the  distixiipo  of  a  point  from  the  focus  of  the  parabola  y*  =  4ax 
be  4a,  find  its  co-ordinates. 

&  Find  where  the  line  12x-7y+I2=0  cuts  the  parabola  y'  =  12x. 
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7.  Pind  where  the  line  y«x-a,  which  pwaea  through  the  focua. 
!.<.,  la  A/ooo/  chord,  cuts  the  perabolii  y*z:4ax. 

8.  PUce  the  following  curves  correctly  with  respect  to  the  axes,— 

y»= -4«Mr;  ar»  =  4ay;  a*= -4ay. 

9.  Find  the  co-ordinates  of  the  point,  other  than  the  origin.  wher« 
the  parabolas  y«=4ax,  a:»=46y  intersect.  If  AX,  XP  be  these  oo- 
ordinates,  show  that 

*a  _yp     AN 
NP     Ay~~ib' 
ie.,  tJiat  NP,  AN  are  two  geometric  means  between  4a  and  4h. 

Jl  t  '^'^■li'^u^^  the  vertex  of  the  paraboU  y^^iax  makes  an 
angle  of  30*  with  the  axis  of  x.     Find  the  length  of  the  chord. 

11.  If  the  straight  line  y  =  M(*- a),  which  as  m  varies  repr-  -f* 

any  line  throuj^  the  focus,   cuts  the  paraboU  y«  =  4«w  in  s 

wh«Me  ordinates  are  y,.  y„  show  that  v,i,,=  -  4o»,  i.e..  that  th^  o- 
duct  of  the  ordinates  of  the  ends  of  a  focal  chord  is  constant. 

.hnt'JJ?**  S"^*"**?*  ^*+i?y+C=o.  and  the  focus  («,  6). 
show  that  the  equaUon  of  the  parabola  is  {x-aV'+(y-6ji 

Now.  This  equation  may  be  reduced  so  that  the  terms  of  two 
d,men«on.  take  the  form  (5x-^y)».  i.e.,  .  perfect  «,ua«. 
Thus,  the  above  being  the  general  equation  of  the  par»boU.  the 
characteristic  of  all  forms  of  its  equation  is  that  the  terms  of  two 
dimensions  form  a  perfect  square. 

13.  Chords  aredrawn  from  the  vertex  of  a  paraboU  at  right  angles 
to  each  other.  Show  that  the  line  joining  the  other  ends  TZ 
chords  passes  through  a  fixed  point  on  the  axis  of  the  parabola. 
[The  perpendicular  chords  may  be  represented  byy=i«r,  y=--x. 

Then  the  other  ends  are(L-    ^)  .„d  (W.  -4a«).     Formujlbe 
hue  through  these,  and  putting  y =0 ;  etc.] 

14.  Find  the  length  of  the  side  of  ai.  equilateral  triangle  of  which 
one  angle  is  at  the  focus,  and  the  others  Ue  on  the  parabola  y»=4«:. 

[Line  through  focus  making  30"  with  axis  is    'll^  =  IL:^-,.  ^ 

s/3  1    -♦•.  or 

^  J  2  2 

a;«a+r~-,  y  =  r^  Combine  with  y»= 4a*  for  values  <rfr.] 
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18.  A  oirek  pHMS  through  the  fixed  point  (a,  0),  and  touchca  th« 
fixed  ■tnight  line  x  +  a=0.  Show  that  the  locus  of  ita  centre  it  tha 
parabola  y* = iax.    [Evident  at  once  from  definition  of  parabola.  ] 

18.  A  circle  pewee  through  the  origin  and  the  extremities  of  the 
latus  rectum  of  the  paraboU  y*  =  4ajr.  Find  the  equation  of  the 
circle.    [Equation  of  circle  must  be  of  form  3fl  +  ^-2AxstO.] 

17.  Through  any  fixed  point  C{b,  0)  on  the  axis  of  a  pa  ibola 
yiB4ax  a  chord  PCP"  is  drawn.  Show  that  the  product  of  the  or- 
dinatesof  PfP"  is  constant,  and  also  the  product  of  the  abscissas. 
Compare  Ex.  10.     [Combining  equations  psm(x-b),  y*=siax,  we 

get  y*-^-4a6=0;  also  a:*-2(6+-x)x-t-6*«a     Apply  theory  of 
at  \      III  / 

qnadraticB.] 

18.  If  ar,,  y,  b«  the  ob-ordlnates  of  one  end  of  a  foeal 
ehord,  find  the  co-ordinates  of  the  other  end.  [Use  resulu 
of  previous  exercise,  or  obtain  independently.  ] 

19.  Find  the  locus  of  a  point  which  moves  so  that  its  shortest  dis- 
tance from  a  given  circle  is  equal  to  its  distance  from  a  given  straight 


20.  Given  the  focus  F  and  two  points  P,  P",  on  a  parabola,  obtain 
a  geometrical  construction  for  its  directrix. 

21.  A  circle  is  described  on  a  focal  chord  PFP"  of  a  parabola  as 
Show  that  it  touches  the  directrix. 


II.    Tangents  and  Normals. 

52.  To  find  the  equation  of  the  tangent  to  the  para- 
bola y*='4aa;  in  tenns  of  the  co-ordinates  of  the  point  of 
contact  (x',  yf). 

Let  PQ  be  a  secant  through  the  points  Fipify  yi)  and 
QiaTyy')  on  the  parabola  y^  =  iax. 

The  equation  of  the  line  through  {x',j^),{xr,  y")  is 
X  -  x'     y  -y 


or   jf-y'  = 


y'-y 


,•' 


{x-af) (1) 
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AIM  dnce  (x-.y),  (x^y")  lie  on  the  pmbola  y«-4a«, 
therefore 

And  .-.  y'«-y-»-4a(x -X'), 


or    ?C--^'       *^ 


Hence  (1)  becomes 


'  -«    y  +/ 


Let  now  the  point  (x',y')  move  np  indefinitely  dose 
to  (x',y');  then  PQ  becomes  PT,  the  tangent  at  P; 
•l«o  jT  becomes  y',  and  (2)  becomes 

Hence  ^if'  =  2ax-  2ax'  +  y^, 
-2ax-2oa;'  +  4ax', 
»2a(aj  +  x')j 

and  yy-2a(x+x')  is  the  equation  of  the  tangent  to 
the  parabola  y«-4^wr,  at  the  point  (x',y'). 


tt 
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It  is  important  to  observe  the  complete  aualogy  of 
the  methods  in  determining  the  equations  of  the 
tangents,  normals,  etc.,  to  the  circle  and  to  the  pai-abola, 
the  demonstration  in  the  one  case  being,  in  effect,  a 
transcription  of  that  in  the  other.  Still  fxirther  illustra- 
tions of  this  correspondence  will  be  met  with  when 
the  ellipse  is  under  consideration.  In  synthetic  geo- 
metry the  drawing  of  a  tangent  to  the  circle  throws 
no  light  on  the  drawing  of  a  tangent  to  the  parabola: 
for  each  curve  a  fresh  method  must  be  devised.  In 
analytical  geometry  the  methods  are  marked  by 
generality.  « 

53.  To  find  the  equation  of  the  tangent  to  the  parabola 
y^  =  4ax  in  terms  of  its  inclination  to  the  axis  of  »• 

Let  6  be  the  angle  which  the  tangent  makes  with 
the  axis  of  x;  and  let  tan  6=m. 

Then  the  tangent  may  be  represented  by  y  =  nix  +  b, 
where  h  is  yet  to  be  found. 

If  we  treat  the  equations 

y  =»M!  +  6, 
f-  =  4ax, 
as  simultaneous,  the  resulting  values  of  x  and  y  must 
be  the  co-ordinates  of  the  points  in  which  the  straight 
line  intersects  the  parabola  (§11). 

Hence  the  values  of  x  in 

{mx  +  hy--iax  =  0, 
or  m^x'^  +  2(mb-2a)x  +  ¥  =  0,    ....  (1) 
must  be  the  values  of  x  at  the  points  where  the  straight 
line  intersects  the  parabola.    If  these  values  of  x  are 
equal,   the  points  of   intersection    coincide,   and   the 
straight  line  is  a  tangent. 
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The  coudition  for  equal  values  of  z  is 

a 


or  h  = 


m 


Hence  y=mx  + 


a 
m 


is  the  equation  of  the  tangent  to  the  parabola  y^  =  4ax 
having  an  inclination  $  to  the  axis  of  a;  (m  =  tan  $). 

The  following   is  an  alternative    ilemonstration   of 

the  preceding  proposition : 

We  have  shown  that  the  equation  yy'  =  2a{x  +  x')  is  the  tangent  at 
the  point  («',  y*).     If  now  the  equations 

2ax-yy'  +  2ax'=0, 
»ix-y  +  6=0, 
represent  the  same  stniight  line,  then 
m_  1  _    b 
2a~  y'~  2ax'' 

Hence  /»=-——=  v-;  =  Sr- 
ly'      2y'      2 

Also  w  =  — ; 
■m 

.-.  ft  =  - ; 

m 
and  y  =  wtar  +  —  is  a  tangent  to  the  parabola  y*  =  Anx. 

54.  To  find  the  equation  of  the  normal  to  the  parabola 

y-^4ax  at  the  point  {x',y'). 

The  equation  of  an;/  straight  line  through  the  point 
{y,y')  is 

A(x-x')  +  B(y-y-)  =  0.  ...  (1) 
If  this  be  the  normal  at  (x',  y'),  it  is  perpendicular 
to  the  tangent 

2<ix-yy'  +  2(u^  =  0; 
and  the  condition  for  perpendicularity  (§25)  is 
2aA-y'B  =  0.  ...     (2) 
Introducing  in  (1)   the  relation  between  A  and  B 
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given  by  (2),  and  bo  making  (1)  the  normal,  we  bare 
for  the  equation  of  the  normal 

55.  At  any  point  on  the  parabola  the  tangent  bieecta 
the  angle  between  the  focal  distance  and  the  perpen- 
dicular on  the  dfrcctriz. 

V 


Let  AP  be  the  parabola  y*-4ax;  P(af,/)  the  point 
of  contact;  PT,  yif'  =  2a{x^x^),  the  tangent;  PF  the 
focal  distance ;  PM  the  perpendicular  on  the  directrix. 
Then  the  angles  FPT,  MPT  are  equal 

The  co-ordinates  of  T  are  AT,  0.  Introducing  these 
in  the  equation  of  the  tangent, 

0  =  AT+af;  or  AT=  -«'. 
A  TA  =  AN. 
And  AF=ZA', 
:.  TF=ZN=MP''PF. 
:.  A  FTP  is  isosceles; 
and  ZFPT='  ZFTP~  ZMPTi 
io  that  PT  bisects  the  angle  FPIL 
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Cob.  To  drawr  the  taugent  at  any  point  P  on  » 
parabola,  measure  FT  on  tlie  axis  equal  to  FP,  and 
join  PT.    Then  PT  is  the  tangent  at  P. 

Depns.    The  line  TN  is  called  the  subtangent. 
If  PG  be  the  normal  at  P,  the  line  NG  is  called  the 
subnormal. 


56.  To  show  that  in  the  paraboU  the  subnormal  is 
constant. 

The  co-ordinates  of  G  are  AG,  0.    Introducing  these 
in  the  equation  of  the  normal, 

^C-a.'  +  ??(0-y')-0, 

or  AG^x'  +  2a. 
But  AN=x'', 
:.  N0^2nf  and  is  constant. 

57.  To  find  the  locos  of  the  foot  of  the  peipendkular 
from  the  focus  on  the  tangent. 

The  tangent  being 

a 
m 
the  straight  line  FY,  through  the  focus  (a,0)  and  per- 
pendicular to  this  is  (§§  22,  25) 

^  If  we  combine  these  equations,  we  obtain  an  equa^ 
tion  which  is  true  at  Y,  the  intersection  of  the  lines. 
Therefore  at  Y 

m        mm 
or  <m*-i-l>r-0. 


•  I 


1 

'I 


I  ! 
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Bat  m'+l  cannot  vanish;  therefore 

a;  =  0; 

i.e.,  Aif,  the  tangent  at  the  vertex,  is  the  locus  of  T, 
the  foot  of  the  perpendicular  from  the  focus  on  the 
tangent 


OX 


I  ! 


Hence  FTP  being  an  isosceles  triangle,  and  FT  per- 
pendicular to  the  base,  FY  bisects  the  angle    TFP. 
Hence  the  triangles  AFY,  YFP  are  similar, 
,    AF    FY 
*"^    FY^FP' 
or    FY^  =  AF.FP. 


58.  The  results    of   §§  56-7  may  be    obtained,  pos- 
sibly more  c, imply,  as  follows: 

The  triangle  TPG  being   right-angled,   and   Z.FTP 
being  equal  to  Z.FPT,  therefore  AFPG=  /.FQP. 

:.   FG  =  FP^a-\-x'.     (§50) 
Also  FN=x'-a. 

:.   Jf^0^a  +  x'~(x'-a)~2a. 
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Again  (555)  TA^Ay.  Also  Ay  is  paraUel  to  XP. 
Therefore  Y  is  the  bisection  of  TP,  the  base  of  the 
isosceles  triangle  FTP.  Hence  FY  is  perpendicular  to 
PTt  and  the  locus  of  Y  is  the  tangent  at  the  vertex. 


1.  Prom  the  equation  of  the  tanflrent,  yy'=2a{x+x'),  show 
that  "at  inttnlty"  the  parabola  becomes  parallel  to  Its 

^    X         ■        -    2« 
^        2 
definitely  great] 


axis.    [Tangent  is  y=-a;  +  |;   .-.  tan  *=??=0,   when   y'  is  in- 


2.  Find  the  co-ordinates  of  the  point  of  contact  of  the  tabgent 
y  =  »w+-.    [Identifying  the  lines  y  =  mx  +  -,    yy'=2a{x  +  x'),    we 

have  —  =  etc.  I 
m  ' 

X  Prove  that  y=}»u;  +  -    is  a  tangent  to  the  paraboUy*=4<u;by 
rombining  these  equations  as  for  finding  points  of  intersection. 

4.  Find  the  equations  of  the  tangents  to  the  (mrabola  y'  =  4ax, 
drawn  at  the  extremities  of  its  latus  rectum. 

6.  Find  the  e<iuations  of  the  normals  to  the  parabola  y»=4ax, 
drawn  at  the  ends  of  its  latus  rectum. 

6.  Find  the  equation  of  that  tangent  to  the  parabola  y*=4x,  which 
makes  an  angle  of  fiO'  with  the  axis  of  x. 

7.  Find  tlie  jjoint  of  contact  of  that  tangent  to  the  parabola  y»= 4x, 
which  makes  an  angle  of  60°  with  the  axis  of  x. 

8.  Show  that  the  tangent  to  the  paraljola  y^=4ax  at  the  point 
(y,  y  )  is  perpendicular  to  the  tangent  at  the  point  (-'.  -^). 
[Ex.  18,  p.  112.]  ^■^'       *'' 

9.  Find  the  equations  of  the  tangents   to  the  parabola  y*=4ay 

which  pass  through  the  point  ( -  2o,  t).  (Let  tangent  be  y=mx  +  -. 

tii 
Then  o  =  -  2am  +  -  ;  whence  values  of  m.l 


•  I 


:M| 


it 

id 
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10.  Find  the  equations  of  the  tangent«  which  touch  both  the  oirola 

«> +  y<= a* and  the  parabola  y'a 4a i^/2r.     [The  line  y  =  mj:  +  ^-i-  isa 

takigent  to  the  parabola.     Find  condition  that  thia  may  be  tangent 
to  circle.  ] 

11.  For  what  point  on  the  parabola  y'=:4ax  l8  the  normal  PO 
equal  to  the  subtangent? 

12.  If  the  ordinate  PN  at  any  point  P  on  the  parabola  meet  LT, 
the  tangent  at  the  end  of  the  latus  rectum,  in  T,  then  TN  is  equal  to 
PF.    [Tangent  at  1/  is  y = X  +  a.  ] 

13.  If  FQ  be  the  perpendicular  from  the  focus  on  the 
normal  at  P,  then  F(JP=s  AN.  PF.     [Perpendicular  from  (a,  0)  on 

J    2o,        ..     „  .        a  +  x*  a  +  x*        .    , 


y' 


ir"'i^     I,   a 


14.  The  locus  of  the  vertices  of  all  parabolas  which  have  a  com- 
mon focus  and  a  common  tangent  is  a  circle.  [If  F  be  focus,  PT  the 
tangent,  and  P  the  point  of  contact,  then  FT(bFP)  is  axis.  If  FY 
be  perp.  to  /Tand  YA  to  FT,  A  is  vertex.] 

15.  From  any  point  on  the  directrix,  say  ( -  a,  k),  two  tangenta  are 
drawn  to  the  parabola  y'=4ax.     Show  that  these  tangente  are  at 


right  angles  to  one  another.    \y=mx-¥-  is    any    tangent. 


If  it 


J* 

pass  through  ( -  o,  h),  m'+  -m  -  1  =0 ;  ete.] 

16.  Tangente  to  the  parabola  y'=:4ax  pass  through  the  point 
(-a,  — ^y    Find  their  pointe  of  contact.     See  Ex.  2.     [The 

values  of  m  lot  these  tangente  will  be  found  to  be  i^3  and  — j^.  J 

17.  Show  that  the  pointe  of  contact  in  the  iM«ceding  exercise  lie 
on  a  line  through  the  focus.  [In  8  59,  Cor.  2,  this  is  shown  to  be 
true  for  pointe  of  contact  of  pairs  of  tengente  from  any  point  on  the 
directrix.] 

18.  Show  also  that  the  line  through  the  pointe  of  contact  in  Exer- 
cise 16  is  perpendicular  to  the  line  from  the  intersection  of  the  ten- 
gente to  the  focus.  [In  S  ^  this  is  shown  to  be  true  in  case  of  tan- 
giato  from  any  point  on  directrix.] 
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IB.  Through  the  vertex  A  o(  a.  |«raboU  a  perpendicular  is  drawn 
to  any  Ungent,  meeting  it  in  Q  and  the  curve  in  X.    Show  that 

AQ.AR=4a:    (Use  for  tangent  y  =  ww; +  £ ;  then  perp.  line  through 
A  inm^  +  x=0.] 

20.  Two  UngenU  are  drawn  from  any  point  J?(;.,  *)  to  the  parabola 
l^=4ax.  It  pf.p,  be  the  perpendiculars  from  the  focus  on  them 
Ungenta,  show  that  p,.p,=a. /?/•.     [Use  for    Ungent  y  =  mar+-; 


k=mh  +  ^.     or  i»«--f»  +  ?=0.     Hence  »i,.ma=j. 
a 


21.  Find  the  equation  of  the  common  tangent  to  the  parabolas 
y*=4ax,  a^=4by.  [Tangents  to  each  may  be  represented  by 
y=  «x  +  2.  a,  =  ^'y +^.     Identifying  these  ??  =  I  =  -  |^';    etc.] 


III.    Poles  and  Polmn. 

59.  To  find  the  polar  of  any  giyen  point  (^,  y')  with 
respect  to  the  parabola  y*»4ax. 


Let  QAB  be  the  parabola,  and  P  the  given  point 
(x', y).  Let  a  chord  through  P  cut  the  parabola  in 
Q(Kk)  and  It{h\h')i  and  let  QT,RTh%  the  tangents 
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at  (h,  k)f  {h'j k).  Then  as  the  chord  t liruiigh  P assumes 
different  positions,  and  in  conHcciuence  T  changes  its 
position,  the  locus  of  T  is  the  polar  of  P. 

The  tangents  at  {h,k)  and  {h',k')  are 
yk=2(i(z  +  h), 
yk'  =  2a{x  +  h'). 
Hence  the  co-ordinates  of  T  satisfy  these  equations ; 
and  therefore  the  co-ordinates  of  T  satisfy 
y{k~k')  =  2a(h-h'). 
But  since   {x\  y')  lies  on  the  straight  line  through 
(A,  *),  (A',  V),  therefore  (§  15) 

x'-'h     y'-k 
h-h~  k-  k' 
Hence  the  co-ordinates  of  T  always  satisfy 

therefore  they  always  satisfy 

y(y'-A)  =  2fl(x'-A), 

or  yyf  -  2a(x  +  A)  =  2a{x'  -  A), 

or  yy'^2a{x  +  x')\ 

that  is,  yy'  =  2a(x  +  x')  is  the  equation  of  the  locus  of 

T,  and  is  therefore  the  equation  of  the  polar  of  (x',  y*). 

Cob.  1.  If  the  pole  P  is  without  the  parabola,  when 
the  chord  PQR  becomes  a  tangent,  the  points  Q,  It 
and  T  coincide,  and  the  point  of  contact  is  a  point 
on  the  polar.  Hence  when  the  pole  is  without  t  le 
parabola,  the  line  joining  the  points  of  contact  of 
tangents  from  it  is  the  polar. 

Cob.  2.  If  the  pole  be  the  focus  («,  0),  the  polar  is 
0  =  x-hfl,  which  is  the  directrix.  Hence  the  directrix 
t8  the  locus  of  the  intersection  of  tangents  at  the 
extremities  of  focal  chords. 
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60.  In  the  parabola  (1)  the  tangents  at  ths  extremities 
of  any  focal  chord  are  at  right  angles  to  each  other; 
and  (2)  the  focal  chord  is  at  right  angles  to  the  line 
joining  its  pole  to  the  focus. 


(1).  Let  (-0,^)  be  the  point  T  on  the  directrix, 
where  the  tangents  QT,  RT  at  the  ends  of  the  focal 
cliord  QFR  intersect.    Then  QT,  RTsLve  at  right  angles : 


a 


Let  y  =  nuc  +  -  be  either  of   these   tangents.    Since 
it  passes  through  (  -  a,  /8),  therefore 

m 

„    S 
or  m^  +  -m- 1  =  0, 

which  therefore  is  the  relation  connecting  the  m's  of 
QT,  RT.    If  »»i,  »«2  be  the  roots  of  this  equation 

m^.t/ij^  -1, 
».«.,  QT,  RT  are  at  right  angles. 

(2).  Also  QR,  TF  are  at  right  angles  : 


M 

u 


■im 
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The  equation  of  QRy  which  is  the  polar  of  ( -  a,  fi)  is 

pfi-2a(x-a). 
Also  the  equation  of  TF,  through  {a,  0)  (-a,  fi)  is 


fi*  2a  ' 


■0; 


and  these  lines  satisfy  the  condition  for  perpendicularity 
«25). 

61.  In  the  parabola  if  Q(x',f)  U«s  on  the  polar  of 
P(x^,  y')  then  P  lies  on  the  polar  of  Q. 

For  the  polar  of  P(«',y')  is 

yy'-2o(«+x'). 
If  Q{^,  y")  Ues  on  this,  then 

y'y'- 20(45' +x'). 
But  this  is  the  condition  that  P(x',y')  may  lie  on 
y/-2a(x+x"),  which  is  the  polar  of  <?(«',  y"). 

C!oR.  1.  If  therefore  a  point  Q  moves  along  the  polar 
of  P,  the  polar  of  Q  always  passes  through  P',  i.e.,  If 
a  point  moves  along  a  fixed  straight  line,  the 
polar  of  the  point  turns  about  a  fixed  point,  such 
fixed  point  being  the  pole  of  the  fixed  straight  line. 

Cor.  2,  A  special  case  of  the  preceding  corollary  is, — 
The  straight  line  which  Joins  two  points  P  and  Q 
is  the  polar  of  the  intersection  of  the  polars  of  P 
and  Q. 


62.  A  chord  of  a  parabola  is  divided  liarmonicallv  by 
any  point  on  it  and  the  polar  of  that  point. 

Let  (aj',y')  be  the  pole  P;  then  yy'  =  2a<x  +  x')  is  the 
I)olar  (P).  Also  a  chord  PAB  through  (x',y')  is  repre- 
sented by 
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~7~ 


y-y* 


m 


or  x~x'  +  lr,  y~y'  +  mr (1) 

where  r  represents  the  distance  from  (x,y')  to  (x,y). 


H 


In  combining  (1)  with  the  equation  of  the  parabola, 
(x,jf)  must  be  the  point  which  is  common  to  chord 
and  parabola,  i.e.,  must  he  A  or  ^;  and  therefore  r 
must  be  PA  or  PB. 

Similarly  in  combining  (1)  with  the  equation  of  the 
polar,  r  must  be  PQ. 

Combining  (1)  with  the  equation  of  the  paraboU 
y'-4ax, 

(y'  +  mr)2  =  4o(x'  +  /r), 
or  »»V  +  2(my'-2a/)r  +  y'2-4aa;'=iO. 

Hence  since  PA,  PB  are  the  roots  of  this  quadratic 
in  r, 

PA.'PB--^J!^^-Z^\    PA.PB^^-l^i 


'■11 


'li 


m* 


It 

11 
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and  therefore  -pj^ --  -^^fz^' 


(2). 


Again,  combining  (1)  with  tlie  equation  s.i  the  polar 
yy'-2a(x  +  a-'), 

(y'  +  mr)y'-2a(x'  +  /r  +  x'), 
or  (my'-2a/)r  +  y''-4<u:'-0. 

Hence,  since  PQ  is  the  root  of  this  equation  in  r, 
Therefore  from  (2)  and  (3) 
and  >4A  is  divided  harmonically  in  P  and  Q. 


PQ^.ylz^  ...(3). 

my  -  Zm 


PA"^  PB"  PQ' 


Exercises. 

1.  Show  that  the  poUrs  of  all  points  on  a  line  parallel  to  the  axis 
of  the  parabola,  which  points  may  tlierefore  oe  represented  by  (ar',  fi) 
where  />  is  a  constant,  are  parallel  to  one  another.  [The  polar  of 
(*',«i8yfl=2o(x  +  *').] 

2.  In  the  preceding  exercise  show  tliat  the  portions  of  the  polara 
intercepted  by  the  parabola  (which  form  a  net  of  parallel  chords)  are 
all  bisected  by  the  line  y  =  ^.  (The  points  of  intersection  of  the 
polar  with  the  parabola  are  given  by  combining  the  equations 
yj8=2a(*  +  x'),  y»=4<w;  whence y"-2/}y  +  4<u;'=0.  If  y„  y,  be  the 
roots  of  this,  yi  +  y^  =  2/} ;  etc.  ] 

3.  Find  the  direction-eoslnes  of  the  chord  of  the  para- 
bola ^=*ax,  which  Is  bisected  at  the  point  {j^,  y) ;  and 
thence  obtain  the  equation  of  this  chord.    [Let  cbonl  be 

—} —  =  - — —  =  r,   or  x=if  +  lr,  y=y'  +  mr.      Combining  this  with 

y*=4<u;,  wV+2(iny'-2a/)r+y^-4aa:'=0.  Since  {n",  y')  is  middle 
point,  yalaes  of  r  are  equal  with  oppodta  signs.  Therefore  m^ 
-MsO;  etc.] 
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4.  Show  that  the  polar  of  any  point  within  the  parabola 
u  parallel  to  tho  chord  which  is  biseotMl  at  that  point. 

IPoUr  of  (x',  y'\  is  yy  =  aa(x  +  x')  j  equation  of  chord  biMoUd  at  (x*,  /) 
i-.Ex.3,U'  =  f:^',etc.] 

5.  Find  the  {mlea  of  the  lines 

with   re«|«ct  t«  th«  paruhola  3r'«=4ax.     [Identify  thene  hneii  with 
yy' =  2a(x ^  x').\ 

8.  Two  tanffentd  make  angles  tan  'm.  tun  W  with  the  axis  of 
the  |«rabola  y^=4«x.  Find  the  jwUr  of  their  int«r»ection.  i.e.,  the 
chord  of  contact. 

7.  Chords  are  drawn  to  a  jiarabola  through  the  intersection  of  the 
directrix  with  the  axis.  Show  that  the  tangenU  at  the  pointa  where 
a  chord  cuta  the  curve  intersect  on  the  latus  rectum. 

8.  The  pole  of  any  Ungei.t  to  the  i«rubola  y-'==4ax  wun  respect  to 
the  circle  a:»  +  y»=r«.  lies  on  the  parabola  y»=  -^;r.  [Tangent  to 
y*=i4«u:iBy=m«  +  -,  and  the  pole  of  this  with  respect  to  x*+y*sr* 

Eliminate  m.  ] 


r»w» 
18  ar= ,   y  = 


9.  The  pole  of  any  Ungent  to  the  circle  3?  +  y^=r»  with  respect 
to  the  paraboU   y*=<.ax,    lies    on    the    locus    whose   equation    is 

J*       yt  

^~lifl-^-    [Tangent  to  circle  is  y=mx±r^l +»«.     Identifying 
this  with  yr^=2a(x+x^),  y-J^,  x'=  t^Juli^.     Eliminate  «.] 

10.  Two  tangents  drawn  to  a  parabola  make  complementary  angles 
with  the  axis  of  the  parabola.  Show  that  their  chord  of  contact 
must  pass  through  the  foot  of  the  directrix.  (The  two  tangento 
are  represented  by   y  =  »«  +  £.   y=^  +  aM.      Their  intersection    is 

rn  fit 

{a,^l+»«)}  ;  etc.] 


m 


ill 

m 
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IV.    Parallel  Chords  and  Dlaweten. 

63.  To  find  the  locus  of  the  bisections  of  parallel 
chords  in  the  parabola  y^  =  4aa;. 


Let  tlie  directiou-cosiues  of  the  parallel  chords  be 
I,  m ;  aud  let  (a.  /8}  be  the  middle  point  of  any  one  of 
them:  its  equation  is 

^    ... 


X  -a 


y 


I  m  ' 

whence   x  =  a  +  fr,  y  =  fi  +  mr. 

Coinbiuiug  these  with  jf^  =  ^tu;  we  have 
(i8  +  mr)2  =  4a(a  +  /r), 
or    vi^r^  +  2(fim-2al)r  +  fir--4aa=^0, 
where  r  is  uow  the  distance  from  (a,  ft)  to  Q  or  Q'. 

Since  (a,  fi)  is  the  middle  point  of  QQ',  the  values  of 
r  are  equal  witli  opposite  signs.    Thie  -equu^s 

I 


or  fi  =  2< 


m 
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But  /  and  n  are  the  ^me  for  all  these  chords, 
since  they  are  parallei.  Hence  the  ordinates  of  the 
bisections  of  aU  these  chords  are  subject  to  the  above 
relation. 

The  locus  of  the  bisections  of  the  set  of  parallel 
chords  whose  direction-cosines  are  7,  m  is  therefore 

I 


y  =  2a 


1H 


and  is  a   straight   line   parallel   to   the   axis   of    the 
parabola. 

Def.    The  straight  line  bisecting  a  set  of  paraUel 
chords  is  called  a  diameter. 

Evidently  all  diameters,  being  parallel  to  the  axis 
of  the  parabola,  ai-e  parallel  to  one  another. 

Let  the  chord  QVQ'  move  parallel  to  itself  towards 
P  where  the  diameter  cuts  the  curve.  Then  VQ,  VQ' 
remain  always  eqnal  to  one  another,  and  therefore 
vanish  together;  and  the  chord  prolonged  becomes  the 
tangent  at  P.  Hence  the  tangent  at  the  extremity 
of  a  diameter  is  paraUel  to  the  chords  which  the 
diameter  bisects. 

The  equation  of  the  diameter  may  be  written 
y  =  2a  cot«, 
since  /=costf,  w  =  sintf,  where  $  is  the  angle  which  the 
chords  make  with  the  axis  of  the  parabola. 


Exercises. 

1.  In  the  figure  of  §<»  show  that  FP=^^.  [If  r  be  foot  of  perp. 
from^  F  on  tangent,   Fr=  FP  sin  FPr=  FP  sin  *  =  FP.  m.     Abio 


»'|!S 


ir 
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2.  In  the  figure  of  §  63  find  the  co-ordinates  of  P  in  terms  of  /  ud  m. 

3.  In  the  same  figure  show  that 

PV=a 


P 
-a—- 


4.  In  the  same  figure  show  that 

Qr^r^4FP.PV. 
[From  equation  of  §  63, 


•ifia 


Exs.  I  and  3.] 


»r  «t-  ni' 

Note.  If  we  refer  the  curve  to  oblique  axes,  namely,  P  Kas  axis  of 
X,  and  the  tangent  at  P  as  the  axis  of  y,  the  result  QV^=4FP.  PV 
shows  that  we  may  write  the  equation  of  the  parabola  in  the  form 
y^=Wx,  where  a'  is  FP,  tl^e  distance  of  the  present  origin  P  from 
the  focus. 

6.  If  tangents  l>e  drawn  from  any  point  on  PK(§63),  show  that 
the  points  of  contact  aio  at  the  ends  of  one  of  the  chords  which  PV 


bisects. 


[Any  point  on  P  K  may  be  represented  by  (zf,  2a-),  and  its 

m 


polar  is  i^  =  ^£'.  etc.] 
ml  ' 

6.  Find  the  locus  of  the  middle  points  of  the  ordinates  of  the 
peraboU  y'^iax.     [2y  of  locus  =  y  of  pambola.  ] 

7.  Find  the  locus  of  the  middle  points  of  all  the  radius  vectors 
drawn  from  the  focus  of  the  parabola  y»  =  4ax.     [if  («,  /j)  be  the  middle 

point    of    any    vector   drawn   to  (x,  y)  on  parabola,  «=3(a+ar), 
^=2(0  +  y)s  etc.] 

8.  Two  tangents  to  the  parabola  make  angles  $,  V  with  the  axis. 
Find  the  equation  of  the  diameter  which  bisects  their  chord  of 
contact, 
their  point  of  intersection.] 

9.  QQ*  is  any  one  of  a  system  of  parallel  chords  of  the  parabola 
y*=4ax,  and  O  is  a  point  on  Qqf  such  that  the  rectangle  OQ.OQ'  is 
equal  to  a  constant  ±c2,  according  as  O  is  without  or  within  the  para- 
bola. Show  thiit  the  locus  of  O  is  given  by  y»=4aj;±m«c«,  wherenis 
the  line  of  the  angle  which  the  chords 


[Tangents  are  y=»u;  +  ^,  y  =  m'x  +  -,;    whence  the   y   of 


The  Parabola. 


131 


10.  Pamllel  chords  are  drawn  in  «  jeraljola.     Sliow  that  the  locus 
of  the  intei-section  of  normals  at  the  ends  of  the  chords  is  a  straight 

line.     INormals  »^re  x-x' +  2a^,-2a=0,x-y  +  2a^,-2a  =  0:  whence 


y' 


=  ^^y'^+yy+y'")-   Also 


11.  Parallel  chords  are  drawn  in  a  parabola  y"  =  4ax.  Show  that 
the  locus  of  the  intersection  of  tangents  at  tlie  ends  of  the  chords 
and  the  locus  of  the  intersection  of  normals  at  the  ends  of  the  chords, 
give  by  their  intersection,  as  the  direction  of  the  chords  variea. 
the  locus  y«=o(a:- 3a). 


64.  To  show  that  the  equation 

y  =  a  +  6*  +  0x2 

represents  a  paraboU;   and  to  determine  its  vertex, 
axis,  focus  and  directrix. 

y=a  +  hx  +  cx^', (1) 

:.>?+^-x=y.t. 

c       c     c' 

■,a^^^^  '''     y    6*-4ac 

•  •  3r+  -x  +  T-Ti  =  -  +  ■ • 

c       4c-'    c         4r-'      ' 

.   /'    ^  ^\'    ^    1/       '>--4ac\ 
Now  transfer  the  origin  to  the  point  (  - 1^.  -  '—^"^  by  writing 
X  -  -  for  X,  and  y  -  '-^  for  y  (Chap.  iv.  §  30).     Then  (-2)  becomes 


4c 


"        A       ' 


which  is  the  equation  of  a  parabola  whose  vertex  is  at  the  origin 
(o,  o),  and  whose  axis  is  the  axis  of  y,  i.e.,   x^(i.     Its  focus  is 

(♦*.  ^1.  and  directrix  y+--=0. 

Hence,  reverting  to  the  original  axes,  we  see  that 

y  =  a  +  bx  +  ex' 
represents  a  parabola 
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^irhoae  vertex  is  ut  the  point  (  -  -,  -  '^— ^^  ; 

"     axis      "  the  line  ar  +  J_=rO; 

"     'o-""»tthepoint(4-'£_±:,^), 

"  directrix istheliney +  5^^1^  +  1=0 

4c         4c 

Exercises. 

1.  Determin*  the  vertex,  axis,  focus  and  directrix  of  the  pareboh 

2.  Determine  the  vertex,  axis,  focus  and  directrix  of  the  parabola 
=4-2r  +  3a:*. 

3.  Determine  the  vertex,  axis,  focus  and  directrix  of  the  parebola 
=  -5  +  3a;-ae». 

4.  Determine  the  vertex,  axis,  focuu  uid  directrix  of  the  parabola 
y»-6y  +  3=ar.  ^ 

5.  The  focus  of  a  parabola  is  (4.  -  3)  and  its  directrix  is  y  +  2=a 
Find  Its  equation,  and  also  its  vertex  and  axis. 

In  each  of  the  preceding  cases  construct  the  parabola,  placine  it 
correctly  with  respect  to  the  original  axes. 


CHAPTER  yn. 

THE  ELLIPSE. 


DXFIKITION.  An  Ellipse  is  the  locus  of  a  point 
which  moves  so  that  its  distance  from  a  fixed  point, 
called  the  focus,  is  in  a  constant  ratio  (('<!)  to  its 
distance  from  a  fixed  straight  line,  called  the  directrix. 

As  in  the  case  of  the  circle  and  of  the  parabola, 
we  shall  form  the  equation  of  the  ellipse  from  its 
definition,  the  equation  being  thus  the  accurate  and 
complete  expression,  in  algebraic  language,  of  the 
definition  of  the  curve.  The  properties  of  the  curve 
must  therefore  be  latent  in  its  equation,  and  a  suit- 
able examination  of  the  equation  will  roveal  them. 

I.    Equation  and  Trace  of  the  Ellipse. 

65.  To  And  the  equation  of  the  ElUpie. 

y 


H — F 


Let  F  be  the  focus,  and  MZ  the  directrix ;  and  let 

FZ  be  perpendicular  to  MZ. 

iss 
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^^Divide  FZ  interuaUy  at  A  and  externaUy  at  A'  so 

^  =  e,  and-j^=e; 

♦u        .       .    *"*"  FA^e.AZ,  and  J'F=..^'Zj 
then  ^  and  A'  are  points  on  the  locus. 

^'C=cLl^    **    '''    "°^    ^''    ^'^-2a,    «>    that 

Then       2CF'^AJF-FA, 

'-eiA'Z-AZ), 

=  C.2rt; 

.-.  CF^,ae. 
Also  CZ=^l(A'Z+AZ), 


-^A'F^FA), 
a 

tfi  '  f^K  P"^^"^\«"J^  to  CZ,  be  the  axis  of  y. 
l.et  P(ar  y)  be  any  point  on  the  locus,  and  PM  the 
perpendicular  to  MZ. 

Then,  by  definition  of  ellipse, 
PF 

PM^^' 
.•.PFi  =  eKPMi  =  e^.If^Z*. 

«2(l-62)  +  y2«o2('i_gl). 


y 


X' 


=  1. 


which  is  the  equation  of  the  ellipse. 
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The  equation  is  usually  written 

where  ft*  -  a«(l  -  c«),  or  t-^  =  "I^*. 

The  results 

distance  from  0  to  focus,  CFj^ae^ 

«        «      w   «  directrix,  CZ,  =  -, 

a' -ft* 
square  of  eccentricity,  t\= j— , 

are  important,  and  should  be  remembered. 

It  would  perhaps  have  been  more  natural  to  have  taken  the  dis- 
tance from  the  focus  to  the  directrix,  FZ,  as  the  parameter,  along 
with  e,   in  terms  of  which  to  express  the   equation.      However, 

FZ=--M  =  a——,  or  a= —  .  FZ;   so  that  a  is  fixed  when  FZ 

t  e  I  —e' 

is,  e  being  known.    For  subsequent  work  a  is  a  more  convenient 
parameter  than  FZ. 

In  future,  unless  the  contrary  is  stated,  the  equa- 
tion of  the  ellipse  will  be  suppose'^  to  be  of  the  form 

-5  +  r-„=-l. 


«" 


ft« 


66.  To  trace  the  form  of  the  Ellipse  from  its  equation. 

(1).  If  y-0,  «=  ±a;  if  x  =  0,  y=  ±h.  Hence  if  on 
the  axes  we  take  Cil  =  a,  CA'=-  -a,  CB=h,  CB=  -b, 
the  curve  passes  through  the  points  A,  A',  B,B. 

AA'  is  called  the  axis  mqjor,  and  BB  the  axis 
minor.  CB  is  less  than  (J A,  sluce  ¥  =  a\\-^).  A 
and  A'  are  called  the  vertices  of  the  ellipse. 

(2)-  y  -  ±  5  v'a*--r^  ^^-^i  Ji^-y-'  Hence  x  cannot 
exceed,  numerically,  ±  a,  nor  can  y  exceed,  numerically, 


ill:! 
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±6;  aud  the  curve  falls  entirely  withiu  the  reoUngle 
whose  sides  pass  through  A,  A',  B,  R,  and  are  parallel 
to  the  axes. 

(3).  y  =  ±-^a^-x\  Hence  as  z  increases  from  0  to 
a,  y  continually  decreases. 

(4).  For  a  given  value  of  x,  the  values  of  y  ar« 
equal  with  opposite  signs.  Hence  the  curve  is  gym- 
metrical  with  respect  to  the  axis  of  x.  Similarly  it  is 
symmetrical  with  respect  to  the  axis  of  y. 

y 


(5).  If  we  suppose   the   straight  line    y-mc  +  i   to 
cut  the  ellipse,  we  shaU  have  for  the  x's  of  the  points 

of  intersection    the    equation     -  +  (^^+*)* 


/I       »J2\ 


.^.2^.i:-i, 


i2 


or 


•0, — a  quadratic,  giving  two 

values  of  x.    Hence  a  straight  line  can  cot  an  ellipse 
in  only  two  points. 

(fi).  If  Q  be  any  point  on  the  curve,  and  it  be  sup- 
pose<l  to  move  indefinitely  close  to  Ay  the  line  ilQ/Sfis 
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nltimately  th«  tuugeut  at  A,  niid  the  angle  QAR  is 
the  angle  e*.  rhi.U  the  curve  cuts  the  axis  of  x.    Now 

ft»    a  +  z 


tanpAK-§?--iL. 
if  A    a-x 


ft'    a+a 
-flT" 


and  the 


Therefore  nltimately  tan  (^AR=-^ 

angle  QAR  in  the  limit  is  90*.  Hence  the  curve  cuts 
the  axis  of  «  at  A  at  right  angles;  similarly  it  cuts  the 
axis  of  y  at  £  at  right  angles;  and  by  the  gymmetiy 
of  the  curve  therefore  at  A'  and  B. 

Collating  these  facts,  we  see  that  the  ellipse  has  the 
form  given  in  the  diagram.  In  §  9,  Ex.  4,  we  plotted 
the  graph  of  the  elUpse  55'  +  ^-!, ».«.,  for  which  a -9, 
ft=6. 

The  symmetry  of  the  curve  shows  that,  since  there 
is  a  focus  F  and  a  directrix  ZM  to  the  right  of  the 
origin,  there  is  a  focus  F'  and  a  directrix  Z'M\  at 
the  same  dii>tances  to  the  left  of  the  origin. 
Hence  we  have  not  only  the  constant  relation  PF'^e.PM 
for  all  positions  of  P,  but  also  the  constant  relation 
PF-^eJlP. 


The  point  0  is  called  the  centre 


67.  Definitions. 
of  the  ellipse. 

Any  chord  through  the  centre  is  called  a  diameter. 

Every  chord  through  the  centre  of  the  ellipse  is  there 
bisected. 

For  if  (o,/8)  be  any  point  on  the  ellipse 

which  therefore  satisfies  this  equation;  then  (-0,-/8) 
also  satisfies  this  equation,  and  therefore  is  a  point  on 


1 
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the  eUipse.  But  («,  /8),  (  -  «,  -  ;8)  lie  on  the  line  *  -  I'  _  0 
which  passes  through  the  origin,  and  are  at  ^wd 
distances  from  the  origin  since  a-  +  fi-^(-a)i  +  {-fi)*. 
Hence  every  diameter  is  bisected  at  the  centre  of  the 
ellipse. 


68.  To  find  the  dirtance*  of  any  point  (r,  y)  on  tho 
ellipse  from  the  focL 

y 


Let  P  be  the  point  (x,  y). 
Then         PF=e.PM=e.XZ, 

=  e{CZ-CN), 

Also        PF'^e.  MP  =  e .  Z^K, 

Hence  PF+  PF'  =  (a  -  ex)  +  (o  +  ex), 
=  2a. 
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Therefore  the  sum  of  the  fooal  distances  is  con- 
stant for  all  points  on  the  ellipse,  and  Is  equal  to 
2a. 

The  preceding  property,  PF+Pf"-2a,  enables  ua  to 
describe  an  ellipse  niechaiiically.  For  if  au  iuextens- 
ible  string,  its  ends  fastened  together,  be  thrown  over 
two  pins  at  J^*  and  J",  a  pencil  P,  moved  so  as  to 
keep  the  string  always  tense,  will  describe  an  ellipse 
of  which  F  and  F'  are  foci;  for  FF+PF'  will  be 
constant 

Definition.  A  double  ordinate  through  a  focus,  as 
LFL',  is  called  a  latus  rectum. 

69.  To  find  the  length  of  the  latus  rectum  of  the 
ellipse. 

The  co-ordinates  ot  L  ajre  ae  and  FL.    Hence,  sub- 
stituting these  in  the  equation  of  the  ellipse,  we  have 
t^    FI^ 
o«  "^   6«  "   ' 

.-.  Fl/'-l^il-d^, 

andFX--; 
a' 

&* 

.-.  LFL~2-. 

a 


Exercises. 

I.  Find  theatas,  major  and  minor,  the  eccentricity,  the  cUstanow 
flrom  centre  to  focus  and  directrix,  and  the  latus  rectum  of  the  eUipse 
Sa^-t-4y**12. 
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2.  DetemiiM  the  ume  quantitiM  for  tlie  alli{Me  x^  +  1  jly'ai. 

«.  Iflbethaentirelengthortheitringrefemd  to  in  fM.  «iid  ,t 
th«    disUnca    Iwtwecn    the    |>iiis,    show   that   d  =  2^V-i^    and 

4.  The  kitua  rectum  of  an  elli|Me  heing  2/,  ami  the  eccentrictty 
bein^  e,  expreaa  the  nxea  in  temw  of  theae  quantities. 

«.  Ifinaneni|i«etlieangle/'«/^'  =  90',  find  the  eccentrieitv,  and 
the  relation  between  the  axeji.    (Here  6=tt«;.-,6*«oV«a»-  fc»';  etc.) 

8.  If  in  an  ellipM  r  Ije  a  oemi  diameter  whoM  inch'nation  to  the 
Uis  major  is  «,  and  e  he  the  eccentricity,  rind  tlie  axea  in  ternw  of 
theae  quantities.  [x=,-  coa  a.  y  =  rsin  a;  substitute  in  equation  of 
•Uipse.) 

7.  Find  the  equation  of  the  elliijse  whose  foci  are  at  the  point* 
(8,  0),  ( -  8,  0),  and  whose  eocentricity  is  i    [m  »  S ;  '^^  =  i. ) 

8.  Find   the   equation   of   the   eUipse   whose   latus   nctom    is 

9  n 

^  and  eocentricity  -j-,  the  axes  of  the  curve  being  the  axes  of  co- 
ordinates. 

9.  Without  reference  to  the  results  of  §65,  show  that,  if  FZ^k, 
and  FZ  be  divided  in  A  and  A'  in  the  ratio  e :  1, 

FA^^i^l-.AZ^^k;   A'F^^k.A'Z^^t 

10.  Hence  show  that 

where  Cis  the  middle  point  of  ..4.^'. 
n.  Hence  express  the  equation  of  the  ellipse  in  the  form 

^* -«^'  +  ^(» -«•)  =  !• 

la  From  the  figure  of  1 68  evidently  PF'=y»+{ae-x)*.  Use  this 
to  show  that  PF=a  -  ex.  Also  use  P/"«=y«+  («  +x)»  to  show  that 
PF'=a  +  ex. 

13.  Find  the  locus  of  a  point  wWch  moves  so  that  the  sum  of  its 
disUnces  from  two  fixed  iwints  (ae,  0).  {-at,  0),  is  constant  and 
•qualto2a.    ( Vjr'  +  («« - x)»  +  ^y  +  (««  +  x)2= 2a ;  etc.] 
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14.  riad  tlM  aquaUon  of  th«  ^lipM  whoM  focus  to  (4,  S),  ecccn- 
tiiolty    -^,    nml    <lir«!trix  4x-(-8y-0Oaa       [(je-4y^{y-Sfm 

«( «)'•»«] 

!«.  A  seruijfht  line  ABhu  its  extremities  on  two  lines  OA,  OB  at 
right  angles  to  each  other,  and  slides  lietween  them.  Show  thiit  the 
locnsofapointCon^JSTtoan  Uipea  whom  semi  nxeti  are  equal  to 
CB  mnd  CA.  (If  Cbe  («,  jr),  and  AB  make  an  angle  •  with  OA. 
then  sin  ««X,  cosa-^;  etc.] 

16.  Find  the  locus  of  tlie  vertex  of  a  triangle,* having  gi»en  its 
ase  2c,  and  the  product,  f,  of  the  tangenU  of  the  angles  at  the 

Use.    [Take  base  as  axis  of  x,  and  centre  of  base  as  origin.  ] 

17.  In  the  ellipse  show  that  CB  is  a  mean  {wtiportional  Jjetween 
A'fmad  FA. 

18.  Ellipses  are  described  on  the  same  axis  major,  •'.?.,  a  is  constant 
for  alL  Show  that  the  locus  of  the  extremities  of  their  ktera  recU 
is  *«=a(a  -  y),  a  parabola.     [If  (r,  y)  be  the  extremity  of  a  latus  rec- 

tam,xaiae,ys-;  .-.  a^=aV=tt»-6»i  etc.] 

19.  If  two  circles  tou<;h  each  other  intercally,  the  locus  of  the 
centres  of  circles  touching  both  is  an  ellipse  whose  foci  are  the 
oentree  of  the  given  circles  and  whose  axis  major  in  the  sum  t "  their 
ladii. 

20.  If  />  be  any  point  (*,  y)  on  an  elliiise,  show  tliat  tan  .'-  PF'F 


{a-x)(l-e) 


[Un  PF'F= 


•] 


W  '  ae-i-x 

21.  If  P  be  any  point  on  an  ellipse,  show  that 

tan  ip/"/'  Un  ^PFF'  =  L  ". 
*  *  1+e 

22.  If  P  be  any  point  on  an  ellipse,  show  that  the  locus  of  the 
:■  ntre  of  tlie  circle  inscribed  in  the  triangle  PFF'  is  an  ellipse.    [It 

-P  »*  (y,  yO.  th«  bisectors  at  /",  P  are  y  =  ^'"  ^y^  ~  \  +  g^),  .,hI 

" 7/ l*-«e);  Whence  at  intersection  a: = ex',  «=-!.«'. 

i_  1  '  1+e' 


ill 
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23  If  P  be  any  point  on  an  eUip«.  show  that  the  circle* 
deecnbed  on  F'P  „  diameter  touch  the  circle  described  on  the 
•us  major.    [If  Jf  be  the  middle  point  of  F'P,  show  that 

F'M+MC=a.] 
24.  In  the  elUpse  if  a  =  6the  equation  becomes  *-  +  y»=«t.  which 
«  the  equation  of  the  circle.    The  circle  being  thus  a  special  form 
of  the  eUipse,  find  its  eccentricity,  and  the  distances  of  its  foci 
and  directrices  from  the  centre. 

II.    Tangents  and  Normalii. 

70.  To  find  the  equation  of  the  tangent  to  the  eUipse 
in  terms  of  the  co^nrdinatet  of  the  point  of  contact  (x*,  y). 

y 


Let  PQhe  a,  secant  through  the  points  P(af,y)  and 
Q(x',in  on  the  ellipse  ^  +  ^!-l. 
The  equation  of  the  line  through  (x",  yO»  («', /)  i» 
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'^y-y-^c-'O (1). 

Also  since  («',y),  (x',y')  Ue  on  the  eUipse  ^1+^-1, 
therefore 


X 


y^ 


a 


— ^^^  =  ^  • 


and 


or 


y'-y' 


z'  +  a;' 

y+y-' 


Hence  (1)  becomes 

Let  now  the  point  («',y')  move  np  indefinitely  close 
to  (3f,tf');  then  PQ  becomes  PT,  the  tangent  at  P;  also 
ar  becomes  «',  and  y',y';  and  (2)  becomes 


Hence  J^-??!^  _^  .  f! 


or 


«i'  y/  «;^^y^ 


o«  ■'■^"^  "  *^®  equation  of  the  tangent  to  the 
ellipse  -,  +  ^-1,  at  the  point  (af,^. 


\l. 


71.  To  find  the  equation  of  the  tangent  to  the  ellipse 
in  temu  of  ita  inclination  to  the  axis  of  x. 

Let  tf  be  the  angle  which  the  tangent  makes  with 
the  axis  of  «;  and  let  tan  *-m. 
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Then  the  tangent  may  be  represented  hy  ii~tHx+k 
where  h  is  yet  to  be  found. 

If  ve  treat  the  equations 

ff'-tnz  +  k, 


•1, 


as  simultaneous,  the  resulting  values  of  x  and  y  must 
be  the  co-ordinates  of  the  points  in  which  the  straight 
line  intersects  the  ellipse  (§  11). 

Hence  the  values  of  x  in 

»'  (^p)^"^-^i-o,....a) 

must  be  the  values  of  x  at  the  points  where  the  straight 
line  intersects  the  eUipse.  If  these  values  of  x  are 
equal,  the  points  of  intersection  coincide,  and  the 
straight  line  is  a  tangent. 

The  condition  for  equal  values  of  «  is 

or  *=-  ±  Jtn'a'^  +  b^. 
Hence     y=»M!±  Jm*a*  +  ^ 

is  the  equation  of  the  tangent  to  the  eUipse  ^  +  ^-1, 
having  an  inclination  $  to  the  axis  of  x  (m-tan  ff). 
The  double  sign  refers  to  paraUel  tangents  on  opposite 
Mdes  of  the  ellipse.  ff"  •« 

The  foUowing  is  an   alternative   demonstration   of 
ttw  prsoeding  proposition: 
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W.  h«T«  shown  that  the  equation  ^  +  ^=  n.  the  tangent  •!» 
the  point  {af,  y').    If  now  the  equations 

tnx-y  +  k»0 
repreaent  the  same  straight  line,  then 

m      -I       I 


Hence    k= 


o        6     ^y+ftT 


.  ____  ^tyfm'a'  +  lr'i 

•aa  p:*mx±  i^mV-i-6*  is  •  tangent  to  the  ellipse. 

72.  The  equation  y-wM;+  ^m»ff«  +  ft«  may  be  written 

-Jfsintf+ycostf-  Va»8in*^+Fco8«A 
If  o  be  the  angle  the  perpendicular  from  the  origin 
on   the   tangent   makes   with    the   axis   of    x,   then 
tf=a-90*,  and  the  preceding  equation  of  the  tangent 
becomes 

xoosa+ysiua- 

73.  To  find  the  equation  of  the  normal  to  the  ellipse 
at  the  point  i^,  y^. 

The  equation  of  any  straight  line  through  the  point 

il(af-«')  +  B(y-y').0.  ...(1) 
If  this  be  the  normal  at  («',  y')  it  is  perpendicular 
to  the  tangent 

and  the  condition  for  perpendicularity  (§  25)  is 
^.•^  +  ^,«=0 (2) 
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Introducmg  in  (1)  the  relation  between  A  and  B 
given  by  (2),  and  so  making  (1)  the  noraal,  we  have 
for  the  equation  of  the  normal 


or 


¥ 


74.  In  Ae  ellipse  the  normal  bisects  the  angle  be- 
tween the  focal  distances. 

V 


Let  the  normal  at  P  cut  the  axis  major  in  G  Then 
tte  coK)rdinate8  ot  G  ture  CG  and  0.  Substituting 
these  in  the  equation  of  the  normal  (§  73), 


a' 


6» 


_.C(7-^.0-fl«-&2j 
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CQ 


«2  -  />2 


a- 


«'  =  eV. 


Hence      J"G  -  ae  +  eV,  and  Gf  =  oe  -  eV. 
•  ^'(^^a«  +  ^x'    a  +  ezf    F'P^ 
"  OF^ae-e^z'^ a-e3f"PF'* 
and  therefore  PG,  the  nonnal,  bisects  the  angle  FPI 
between  the  focal  distances. 

Also  since  the  angles  QPT,  OPT'  are  right  angles, 
and  the  angles  6PF,  OPF'  are  equal,  therefore  the 
angles  FPT,  PPT  are  equal;  i.e.,  the  tangent  makes 
equal  angles  with  the  focal  distances. 

75.  In  the  ellipse  the  product  of  the  peipendicnkn 
from  the  foci  on  the  tangent  is  constant  and  equal  to  h-. 

Let  FY, FT  be  the  perpendiculars  from  the  foci 
on  the  tangent,  and  let  the  equation  of  the  tangent 
be  expresseu  in  the  form 

Then  since  FT  is  the  perpendicular  from  (ae,  0)  on 
this  line,  therefore 

Similarly,  FT  being  the  perpendicular  from  ( -  ae,  0), 
-mae+  Jin^a^  +  l^ 


Hence 


FT~ 


FY.  FY 


Jm^  +  1 

»?+l  ' 

-  mVni  - 


.i». 


Si«  +  1  ' 


4 
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76.  In  the  eUlpae  the  locus  of  the  foot  of  the  per- 
pendicular from  either  focue  on  the  tangent  U  a  circle 
on  the  axis  major  as  diameter. 

Let  the  equation  of  the  tangent  be  expressed  in  the 
form 


then  the  equation  of  FT,  through  {ae,  0)  and  perpen- 
dicular to  this,  is 

jr---(a5-o«). 


m^ 


These  equations  may  be  written 
and 


If  we  square  these  equations  we  are  including  in 
the  one  case  the  tangent  parallel  to  the  above,  and 
in  the  other  the  perpendicular  JPF  through  the  other 
focus.  If  we  then  add  we  shall  Lave  a  result  which 
holds  at  r  and  ¥',  and  also  at  the  corresponding 
points  on  the  parallel  tangeutj  and  if  m  disappears, 
we  shall  have  a  result  which  liolds  at  Y  and  T'  for 
all  positions  of  the  tangent, ».«.,  the  locus  of  T  and  T. 

Squaring  and  adding, 

(l+««)(x«+y«)-(l+»|t)flt, 
or    a;2  +  y«  =  a»; 
t.«.,  the  locus  of  r,  F  is  a  circle  on  the  axis  major  as 
diameter. 

This  circle  is  called  the  auxiliary  oirele. 

The  following  alternative  proof  of  this  proposition 
m&y  be  noted: 

Let  F'P,  FY  produced  meet  in  H.    Then  the  triangle*  PTF,  PTH 
M*  equal  in  all  respects. 

.-.  F'H=F'P+PFmia. 
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•  i*  w  ^!*j.?!i  '*"  '"'•^'"•'  **'"*  •»'  ^^''  *•«'  ^'''^  ^^.  therefore  CY 
18  Iwlf  of  /•  /f,  and  therefore  is  equal  to  a.  Hence  the  locus  of  Y  i. 
»  circle  with  centre  Cand  radius  a. 

The  auxiliary  circle  furnishes  a  simple  proof  that 
FY.F'Y'^b^: 

For  let  Y'F'  produced  meet  the  cirtsle  in  8.    Then 
FY.F'Y'=SF'.  F'Y' 
^A'F'.  F'A 

77.  To  find  the  locu  of  the  intenectioii  of  tangents 
tt  right  angles  to  each  other. 

\T 


The  tangents  PT,  P'T,  at  right  angles  to 
other,  are  represented  by 

1 

m 
«rhich  may  be  written 

y-nix=  J 


one   an- 


/wi2o»  +  6« 

Jl^- 

/m«o«  +  6«, 

iH 
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If  we  square  these  equations  we  are  including  tan- 
gents  paraUel  to  these;  if  we  then  add  we  shall  have 
a  result  which  holds  at  the  intersections  of  these 
perpe.  (licuhir  tangents;  and  if  m  disappears,  the  re- 
sult holds  at  the  intersections  of  aU  pairs  of  perpen- 
dicular tangents,  i.*..,  we  have  tlie  equation  of  the 
locus  of  T. 

Squaring  and  adding, 

(1  -I-  m«)  («« -H  y«)  -  (1  + 1»»)  (o«  +  6«), 

or    ar»-f.yS  =  a«-t-6»;  • 

Jjich   therefore   is   the  equation  of  the  locus  of  T. 
The  locus  is  evidently  a  circle. 

Exercises. 

1.  Find  thetangenteto  the  ellipse  3*"  +  ^=  12at  the  point,  whow 

2.  Show  that  the  lines  y=a:±|  are  tangents  to  the  ellipse 
***  +  V= 21.     What  are  the  points  of  contact  ? 

8.  Find  the  condition  that  the  line  ^  +  J=  1  may  touch  the  ellipse 
—  +  — =1 

4.  Find  the  equations  of  the  tangents  drawn  from  the  point 
(2.  -^3)  to  the  elli,»e  ^  +  |'=1.  [y  =  nix+  V3;7T2  is  the 
equation  of  any  Urgent.  If  it  passes  through  ("2,  -L),  -L  =  2m 
+  x/Sm"  +  2 ;  whence  values  of »«.  ]  '*' 

«.  The  normal  at  (zf,  y')  on  the  ellipse  divides  the  axis  major  into 
segments  whose  product  is  equal  to  a^  -  e*3^. 

6.  Find  the  locus  of  the  middle  point  of  that  part  of  a  tangent  to 
an  ellipse,  which  is  intercepted  between  the  tangents  at  A  and  A'. 

7.  Findthe  point  of  contact  at  which  the  tangent  yJmx 
+  ^m^^  +  t,^   touches    the   ellipse.     [Identifying    the  lines  L-« 

+  V-»V+6«=0.^  +  ^-,=0.wehave22  =  il  =  — ^J—    1 
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8.  Show  that  the  parallel  tansentB  v-iitj--t.    HSZTm  *      ^    . 

9.  Find  the  equation  of  that  tangent  to  the  elliM»    wWi.       .      - 

Un*tan*'  =  ^::*'. 

[SubrtitateAand*    for  «andy  in  y=mx+    /S^3Tm     ^, 
quadrmtio  in  m.J  »»*+ V»»»V  +  6«,  and  fonn  the 

or^f  !rS!.*'''  """'*  °'  '"'•  P'"~*^'"»  exerciae  deduce  an  alternative 
proof  of  the  proimsition  in  177     lat^^  *k    »  ""»"«rnawve 

angle,  *'=90  A  ind  tan  *  tan  ;=  !  1.]  *"  "'  "*''' 

thrfo™  rr"°"''  ^^^.^^^^^l^J^  »ay  be  wntten  in 

l^^roftri:t:ie:rn:f^^S^Snger-^^-- 

la  Two  Ungente  are  such  that  the  product  of  the  t«.genta  of  the 
angle-theyn^hewiththeaxis^aiori,-!;.  Show  that  they  inter- 
secton  the  ellipse ^,  +  ^=1.    [SeeEx.iaj 

14.  The  tangent  at  a  point  P  o..  an  ellipse  meet,  the  Ungent  at  A 
»iK.     Show  that  C/r  is  parallel  to  ^'/»     MV-^  «-*'.  *       ^^  . 

15.  Find  the  equations  of  the  tangents  to  the  ellipse  which  an, 
parallel  tothelinef.J  =  ,.    fy=.^-,,,,  .•.«=-?;etcI 

tangent  with  equation  t^  +  ^y  _ ,  , 


m 


T 
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[Trmn  •qnation  y=mjr+  ^m*a'»  +  64,p»-  wV+^.  «taoa:'=      -*■»* 

y*-        ^      .      .   .    fi^a«  +  6« 

^mV  +  6» '         ^;;?S»T^ '  •*«■     M<»»  NMlily,  from  i|  M,  87, 
CZ)«  +  r»=o''  +  6«,  CD.p=ab;  etc.] 

18.  The  tangent  at  P  on  an  ellipse  cut*  the  axia  major  in  T.  The 
normal  at  P  cute  the  axi.  major  in  O.  Find  the  position  of  P  that 
PT  and  PO  may  be  equal     [Since  PT»PO.  :.  (^-f^  +  u^ 

19.  Find  the  condition  that  the  line  &  +  «y  +  n.O  may  he  a  normal 
to  the  ellipse.    [Identifying  the  equations  ~x-^,y- (a» - 6»)  =  o  and 

a  6  *       * 

&+.V+,,0.wehave4.=  -«,d^,eto.j 

a         6 
^2a^If    (or'.y')    be    the    point    of    intersection    of    the    curves 
^+^,=  1.  *«+»•=*•;  and  *  be  the  angle  at  which  the  curves  cut 
one  another;  show  that 

[Form  equations  of  tangents  at  (x',  y').] 
21.  Find     the    common    tangents    to    the    elUnsM    -+lf-l 


bi 


III.   Poles  and  Polan. 


78.  To  find  the  polar  of  any  given  point  (af,  y')  with 
respect  to  the  ellipse. 

fJt\  ^f^'  ^  *^®  ^"'P'^'  *^^  ^  *^«  «iven  point 
(ar  y).  Let  a  chord  through  P  cut  the  eUipse  in  Q(h  k\ 
and  iJ(*,'  *').  and  let  QT,  BT  be  the  tangents  at  (*,'*), 
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(K  n  Tl.en  lu,  the  ch..ni  through  P  Hnmrnen  differ- 
eu  ,M>«t.o„K,  and  in  cousequence  T  changes  it.  Z 
sition,  the  locus  of  T  is  the  polar  of  P.  ^ 

The  tangents  at  (*,  *)  and  (*',  Jf)  «pe 
a**bi     ^* 


Hence  the  co-ordinates  of  T  satisfy  these  equations: 
and  therefore  the  co-ordinates  of  T  satisfy  ^  '"**"*  ^ 

>-*')+^(*-*')-o. 

Hence  the  co-ordinates  of  T  always  satisfy 


^  Analvtical  Geometby. 

therefore  they  always  satisfy 

^^^*^  +  ^'li»the  equation  of  the  loons  of  T, 
and  therefore  is  the  eqnation  of  the  pohir  of  «  y).  ' 

the^c'ioii  FoT^^"  ^  "  T*^°"*  *^*  «"^P««'  ^hen 
Mie  onora  r^R  becomes  a  tangent,  the  Doints  O  I? 

•nd  T  comcide.  and  the  point  of  coita^^  ^  a  J^b^ 


Coa  2. 


^«    y.O      "'^'P^^^^*^«'°<'««(«*,0),  the  polar  is 
«,  +  jr-l,  or  ar  =  -,  which  is   the  directrix.    Hence 


79.  In  the  elUpM  any  focal  chord  Is  at  rtoht  .n.i- 
to  the  line  Joining  it.  pole  to  the  fli!^'^'^ 

Let  9fi  be  any  focal  chord;  and  let  T  on  ♦».« 
du^ectnx  (§78.  Cor.  2)  be  the  pole  of  QR.  %,^^  ^  '^l 
•w  at  right  angles.  ^^^n  t^R,  tF 
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^  For  let   TZ-A   «,  that  the  c<M>rdin*teg  of  T  •« 
-,  fi.    Then  the  equation  of  QR,  which  it  the  polar  of 


(?  ")■  ^ 


a 


(1) 


Also  the  equation  of  TF,  through  {ae,  0),  (?,  fi)  i. 


ar-oc 
or  aex--y^a'^-i2.   , 


.(2> 


and  equations  (1)  and  (2)  evidently  represent  two  lines 
w  nght  angles  to  each  other  (§  25). 

80.  In  tte  ellipse  if  Q{.',f)  Ue,  on  the  polar  of 
i'(«',  y),  then  P  lies  on  the  polar  of  Q. 


m 
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For  the  polar  of  P(x',  y')  i, 

«  ^(«',  lO  lies  ou  this,  then 

^But^this  is  the  condition^'that  P^,^  ^y  ^e  on 
a«  ■'■7^  "''  ^^ich  is  the  polar  of  Q(ir,f). 
Cor.  1.    If  therefore  a  point    Q  moves   aln»<»  ♦!,- 

iSS^htTne."^^  ^^"'  »^^*  *^«  ^^«  o'  «^e  SS 

P  wfg.'^^  **'  ^"^^  lnU««,Uon  of  the  polar,  of 

81.  A  chord  of  „  ellip«i  fa  divide  iMmneaidlT  br 
any  lK»int  on  it  and  the  polar  of  that  pclfaT^ 

Let  (.',y)  be  the  pole  P;    then  g'^^.j  j,  ^^0 

where  r  represents  the  distance  from  (J,^  to  (z  w) 

In  combining  (1)  with  the  equation  of  the  eUi^L 

(-,  P)  u^uat  be  the  point  whicTi.  oo^l^Vfe 
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Jombinmg  (1)  with  the  equation  of  the  eUipse,  we 
U      W    "'V'^'ft^r-'^-^-li-l-O- 


^Hence,  dnce  PA,  PB  are  the  roots  of  this  quadratic 


PA  +  PB~  -2!iLLS, 


_  +  " I 


and 


•  Pl^Pg 


+  nB-  -2 


b* 
(2) 
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^AfMn,  combining  (1)  with  the  equation  of  the  polar 
5r+-p-l>^ehave 

(x'  +  lr)x'    (y+mrW    , 

Hence,  since  PQ  is  the  root  of  this  equation  in  r 

Li 1 

Therefore  from  (2)  and  (3) 


PA^PB    PQ' 


and  4fi  is  divided  harmonicaUy  in  P  and  ©. 


Bxerdaea. 

iZT^e^^'S!'"^*     8howth.tth.Ungeot.atth.poinU 

where  a  elKinl  cut.  the  c«rr.  iut«r«ot  on  th.  Irtu.  «ctu«  pwdWL 

a  FiaJ  the  pole  of  the  line  Ax^By^C^Q  with  raepeot  to  the 

••"P"  5  +  P=^-      [Mentify  the  equatione   .l«+^+c=0  ud 

3.  Find  the  loone  of  •  pole  with  raepeot  to  the  elline  when  th. 
pwpendlcnkrp  from  the  origin  on  the  poUrieoonrtMlT 

4.  I'Jndth"  pole  of  the  normd  to  the  ellipeeat  the  point  (x'.y'X 

«.  If  the  pole  of  the  normal  at  P(ar',«')  to  an  ellinM  li*.  «.  *\^ 

^ut  «(^.y^  th«.  the  pole  ofi'jis  :t9i£it.:Li; 
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6.  Find  the  condition  th.t  the  polar  of  (x'.y,  with  r«.pect  to  the 
eHil-.m.y  beatangentto  the  parabola  y--  -2^..      (Identify  the 

equations  ~  +  W^=l    or  «  -      *'  *'       ''*        ^  6» 

'       If  2am 

7.  Show  that  the  poUr  of  any  point  on  the  auxiliary  circle  with  «■ 

Hpect  to  the  ellipse  ^  +  g=:l  i«  a  tangent  to  the  ellipse  ^  +  3^  =  i 
[Identify    the    equations    ''d^  +  y^-i 


or 


y-  ~  ~i'  ~^+-,> 


and 


+  i3  =  yi!el'«nin«tem.] 


^  «*  a»  y'' 

a  If  from  a  point  on  the  directrix,  say  (^.  /,).   a  pair  of  UngenU 

lttrnte"^:::!r:x?s:Sor'"-'"*"-^^^^^ 

Show  that  the  triangle  pqr  i,  ,uch  Lt  each  vertex  S 
the  pole  of  the  opposite  side.   [Let  bd  meet  ?5?  i„  r    ^.1 

.i~c.r.^.p.  B„t;„u,of>tu:.^'rict:::sr."l 

The  triangle  P«i?,  each  of  whose  sides  is  the  polar  of  the  oddo- 

ri::^:rtie':ir;l"  ^  -if-co»u«,ate.  or  seSpoiartt;^. 

11.  Find  the  directioncoeines  of  thechoid  of  the  ellinw    »Ki„i. 

x^^it  ^'i^i''*'''  •"'^^'•--ohlt/^S'ioroah; 

chord.    [Follow  method  suggested  in  Ex.  S,  p.  128.] 

i>  *B»i*l?.T »«  !t  '"^l  ^"^  *»'  "^  Po»n'  '^"^ta  the  ellipse 
Is  paraUel  to  the  ehoFd  which  Is  blseeted  at  that  potat 

la  Find  the  pole  with  respect  U,  the  ellipse  of  the  line  Ax  +  /Jy  .Q, 


whkh  passes  through  th«  oentrvu 
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r«prynt<d  by  y =««+*.  where  m  is  eonnant  and  i  Mtm 
I.  a  nrlght  Ii„.  through  the  centre  ofTSC  ^S 

•  if.v  the  HnM«w-y  +  l.  =  Oand^'  +  ^'-  |  =©.] 
Notk.    Th«  prweding  mult  i«  wooncUed  with  that  of  1 80  Cor  1 

15.  The  potion  of  the  chord  joimng  the  point,  (^'.  y').  (^.  y«)  „„ 

the  ellipse  i,l£lil<£l±f::>^(yi£H£iir)    .  ,.,„  ^        ''' 

J?  ^  fti =0,(170,  Eq.  2).     Find 

the  pole  of  thi,  line  5  and  flhow  thfttlt  Ues  OD  the  line  1olBin<r 

the  centre  of  the  ellipse  to  the  middle  ^Int  of  toe^  Jio3[ 
IV.   'w^Ilel  Chord.  •««  ConJ«g«ie  »ta«eterfc 


Ut  the  direetion-ooeines  of  the  paraUel  chords  be 
A  «S  eo  thst  ^=1  is   thet  which  pwses  through  the 


The  Elupse. 


161 

centre;  and  let  («,  fi)  be  the  middle  point  of  any  one 
ot  tnem:  its  equation  is 

I  '~i;r^'"> 

whence    x^a  +  b,  y  =  fi  +  Mr. 


Combining  these  withl  +  |!=i,  we  have 


T  ,  .  —  J  ^ 


or 


Ks+f-'-O. 


where  r  is  now  the  distance  from  (a,  fi)  to  Q  or  </. 

Since  (a,fi)  is  the  middle  point  of  Qq,  the  values  of 
r  are  equal  with  opposite  signs.    This  requires 

But  ?,  m  are  the  same  for  all  these  chords,  since 
they  are  paraUel.  Hence  the  coordinates  of  the  bi. 
sections  of  all  these  chords  are  subject  to  the  above 
Klation. 

The  locus  of  the  bisections  of  the  set  of  paraUel 
choi-ds  whose  direction-cosines  are  /,  w  is  therefore 


'%^r=o. 


o"     6-' 
a   straight  line  through 


the    centre    of   the 


and   is  _. ^ 

ellipse,  i.e.,  is  a  diameter  (§  67). 

Conversely,  any  straight  line  through  the  centre  ie 
any  ^ameter,  bisects  a  set  of  jmraUel  chords,  'por 
iTtte  foJl'*^'^"**  *°^  diameter.    It  may  be  written 

ai  +  rr 
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Which  is  of  the  torm^y^^^o,  aud  therefore  bi«ect« 
the  chords  whose  directiou-cosiues  urc 

COR^  Let  the  chord  QV(/  move  parallel  to  itself 
«T  w/'  ''^'''  '^''  '^'•*'"'^*'*'-  «»^«  t''«  ^•"'•v-  Then 
^erefore   vanish   together;    and   the   elu.rd  piH^bnged 

tfte  extpemity  of  a  diameter  is  paraUel  to  the 
chorda  which  the  diameter  bisects. 

83.  Conjugate  Diameter..    Since  all  chords  i,aralle| 
to'j^l  are  bisected  by  ^^H-'f  =  0,  ,>.,  by^=-|^; 

t         m 
therefore  aU  chords  parallel  to  |=  .^  ai^  Us^^  by 

Hence  the  diameters  PCF,  DCX)-  are  such  that  each 
bisects  aU  chords  paraUel  to  the  other.  Such  diameters 
"*^  n^?J"^^  diameters.    They  exist  iu  pairs 

and  smce  I>C/>'  is  any  line  through  the  centre,  it  irevi- 
dent  that  there  is  an  infinite  number  of  pairs  of  conju- 
gate  diameters.     The  axes  of  the  ellipse,  ACA'  BCB 
are  a  special  case  of  conjugate  diameters.  ' 

i.  ^Jrrii!!i*f  *!l*  ^Tl'  "'  ^^'  "''"^"''♦y  «'  ^  ^i«™^ter 
IB  parallel  to  the  chords  which  the  diameter  bisects 


11 


.0,1.6.,  hy'=l. 
I     tn 
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therefore  the  Ungents  at  the  extremities  of  each  of 
a  pair  of  conjugate  diameters  are  paraUel  to  the 
other  diameter  of  the  pair. 

JJXKftte  diameters  '=^-  and  ^  +  !?lf«0 


may 


Since  the 

written 


l~m 


a- 


"W 


m 


62   / 


y=7'.  .V=  --J-*,  therefore,  if  $,  9 


be  the  anjifleH  these  lines  maice  with  the  axis  of 
tan  bJ-.,  and  tan^=  --*.i 


/ 


Hence  tan  * .  tan  *"  =  -  - 


a  relation  which  in  the  ellipse  always  connects  the 
tangents  of  the  angles  which  any  pair  of  conjugate 
diameters  make  with  tlie  axis  major.  The  negative 
sign  in  the  preceding  expression  shows  that  in  the 
ellipse  conjugate  diameters  faU  on  opposite  sides  of 
the  axis  minor. 


lei 


f 

^ 
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oeiaf  gJTta,  to  «iid  thee  of  the  eztnmitT  irf  thT^ 
etw  conjuftte  to  It  "•  wwiiiJty  of  the  dtam- 

The  equaUon  of  the  tangent  at  P  i.  ^+W'.i. 
and  therefore  the  eooation  nf  /rn  -u-  t  ."'     ^"    ' 

0. 


51+^-0.  or  y-  --.£^.  Combining  thii  with  the 
eqnation  of  the  eUipee.  we  diaU  obtain  the  coordinate. 
or/?andD'.    The  combination  gives  "«»«•• 


or 


Substituting  these  values  in  «=  _**  f! 


y-  +i 


,7«-^'^«««* 


The  Ellipse. 


166 


Uenoe  the  coKirdinateM  «»f  />  are  -  If/,  ^g-. 

The   coordinate.  «y',  -l^^  evideutly  have  referenoe 
to  the  point  IT. 

85.  The  ■um  «f  the  squaree  of  any  pair  of  ceaiocate 
■MnMiametew  ia  coaataat,  and  equal  to  ««+i*. 

For  CP«+OD»-a:t  +  y-^.^^^ 

86.  The  FToductof  the  focal  dJrtaacea  ia  eqnal  to  the 
aqnare  of  the  conjugate  aemi-diametor. 

VorPF.PF-ia-e^ia  +  e^ 


-a»-«V». 


.««- 


a«-6« 


«» 


^. 


87.  If  a  drcumacrihing  panOklegnun  he  formed  hr 
drmwinf  tangenta  at  the  eztremltiea  of  conjogate  diam. 
eten,  ita  area  is  constant  and  eqval  to  iah. 

Area  of  cironmscribiog  ||» :.  iCD 


tangent  at  P, 


X  perp.  from  C  on 


■401). 


"m 


166 


Analytical  Geometry. 


4 


"ACD. 


1 


ab 


,7/^  +  151^ 


n^      b*' 


88.  To  find  the  eqttation  of  the  eUipM  when  referred 
to  conjugate  diameters  a*  axes  of  aH)nllnatefc 
Reverting  to  §  82,  since  Vh  the  middle  point  of  QQ' 

fa      mp  "^  ^'' 

^  +  -^  -  0,  and  r  is  ^  V.    Therefore 


1. 


(1) 


Also  combining  ^.J^.,,  or  x  =  /r.  y  =  «,r  with  the 
equation  of  the  elUpse,  r  now  being  CD,  we  have 

7f  ..^9  t 


"*  _ 


1 


««     ft''      C/)« 


~7rm (2) 
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Again  the  equation  of  CP,  through  (a,fif),U--t 
or,  making  the  denominators  direction-coaineg,     * 

whence    « »      *^  ■...    « _      ^*'_ 

Combining  thig  with  the  equation  of  the  ellipse,  r  now 
being  CP, 

m'.CP*       fil*.CP* 

°''    a*"*^  h*"  CP*'   ••••(3) 
since    a*+y8»-Cr'. 
Substituting  the  results  (2)  and  (3)  in  (1), 

.(4) 


qr*  cr^ 

CD*     CP*" 


Now  suppose  the  ellipse  referred  to  CP  and  CD  as 
obUque  axes,  CP  being  the  axis  of  x  and  CZ)  the  axis 
of  y.  Then  for  the  co-ordinates  of  any  point  Q  we 
have  x^CV,  jr=  VQ.     Let  CP=a',  <7i)-6'.     Then  (4) 


becomes  ^  +  £j„i^  and 


a'*^V* 
is  the  equation  of  the  eUipse  referred  to  conjugate 
diameters  as  axes  of  co-ordinates. 

Another  proof  of  this  proposition  will  be  found  in 
Ch.  EL,  §116. 


J 


168 
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An ALrricA  i.  CI  e(  hi  etk?. 
Th«  UM  «f  th«  cUipM  k  wab. 


In  the  eUipw  y-.y^^r^.   i„  th.  .uxili«y  d^ 
y-  >/J?Y'-    ««nc«  ^'A'  being  the  x  for  both  P  mnd 


Q,  Py-^gy-,  «nd  thewfow 


'•«t«»gl«  P  ';  reotangle  QMmhi «, 


TTu.  proportion  holds  for  aU  «ich  oorreeponding 
wrangles.  Hence  the  sum  of  »U  .uch  rectSgleHf 
r^Uo"     a       """  ''*  "^^  "^"^  rectangles  a.  <?Jfinthe 

in^^i'i'i^'V"'^^'  **'  *^**^  rectangles  be  inonNued 
Indefinitely  their  width  being  indefinitely  dimiSS 


This  Ellipii. 


M 


Henea 


Awft  of  ellipM  :  an*  of  oir.S 


.  * 


■  -  .  T  J 
U 


••«, 


.i». 


(Th«  .qwtion  Un  «  Ua  #'»  -^'  ,«»y  conv«U«Uy  b.  ««!  (|8S).] 

a.  TU  taogth  of  •  »«|^Umttor  i>  *,  and  it  Um  in  th«  Moond 
qiudmnt ,  find  th.  aqMiioo  of  tb.  ooojugaU  diameter.    [If  (^r".  y') 

U  tba  Mtmnity  of  *,  ^+/>mk>  and   /.  ^^  -«J?^  V- 

WSf^»  •»«»«•  •qortloo  of  (his  diameter  i.  ^^=3- 

»\/!?^'  ""^  tfcenoo  eqoation  of  ite  oonjngato.) 
1  lftheertr««ityPofadiamrt*»be(^   ^).  d«w  tkat  A 
the  eitwmity  of  the  diameter  conjugate  to  it,  is  (--^  -LV 

4.  Show  that  the  oonjagate  diameter,  in  the  pwceding  exettdse 
•re  squal  in  length,  each  semi-diameter  being  ^^(aH  6*). 

6.  Show  that  the  equation  of  the  ellipse  when  i«fen«d  to  equal 

ooojngate  diameten  as  axes  of  co-oidinatea  U  a*+^=4(a«  +  6»).  [jas,] 

This  has  tlis  form  of  the  ordinary  equation  of  the  circle ;  but  it 

must  be  remembered  that  the  axes  bete  a«  not  rectonguUr.    The 

fa^^+i^o^?*^  **»  «*«<»»•  «~.  origto  being  at  o«.tw. 

e.  A  point  mores  so  that  the  sum  of  the  sqoaiss  of  ito  distanoas 
from  two  intsrseoting  straight  lines  Ox.  O,.  InoUned  at  an  angle  •.  h 
MMtaat  sad  equal  toe*.    Prove  that  ite  loous  is  an  elUpsa. 


J  70 
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7.  Show  that  Uugmitfl  «t  the  extremities  of  any  chord  {laralM  to 
'- J  intew«t  on  the  line  J  f  ^»0.  (|82);  i.e.,  tanj^nti  at  the 

•ndt  of  any  ehord  paralM  to  a  girtn  diameter  Interaeet 
on  the  ooiUufate  diameter.    [Any  choH  namiiei  to  f =Jf  » 

I     m 
reptMented  by  ~=*-^;  identifying  thi.  with  ^^'  +  ^-1.  w. 

fiwl  pde  of  chord,  which  will  be  found  to  aatisfy  if+^^o.i 

«.  If  tangentA  he  drawn  from  any  point  on  the  line   ^+^-0, 

(182),  their  chord  of  contact  i«  parallel  to  ?»^ ;  i.e..  the  ChoM  Of 

eontaet  of  tangents  ftvm  any  point  on*  a  diameter  la  par- 

iJlel^tO  the  OOnJugmte  diameter.    [Let  {x',  y-)  be  any  point  on 

il  +  F  ="'  "°  *•>•*  i?^'-^'-  ChoH  of  contact  in  "'  i-^^  1 , 
modify  this  by  preceding  relation.] 

„J  "i^^'  '^^ '','»•"•*•'•  conjugate  to  CP,  cut*  the  focal  dist«M»i 
PF  PP-  ,nL  and  M.  then  PL»  /»Ar.  [The  normal  at  /»  i«  perpen- 
dicular  to  CD,  ]  *^  ^ 

la  Find  the  loc««  of  the  middle  poinU  of  chonU  joining  the  ex- 
tremitiee  of  ronjngHte  diameters  [If  (x'.  y)  be  P.  the  eml  of  one 
diameter,  and  {r,  y)  the  middle  point  of  PD,  then  *.-.  hx'  -  ?»'» 


2         •  a&aaifc' 


a 


11    S    A 


b    a 


etc.] 

pr'.^H'cDTprA  *"  ^'  ""*"  ''^"''    '''"' '""^  '^^'''" f*™"'' ** 

12.  If  (a.  fi)  and  (a',  fi^)  he  the  intenwctionit  of  the  Ungenta  and 
normals  respectively  at  the  extremities  of  a  ,«ir  of  conjugate  dia.n- 

eter..  then  a**'fi^h>nfi'.    [Normals  at  (A  y).  ( -  %',  ?x')  are  "-x  - 

6      o  jr' 


^""*~''''  ""'•  -p^*-^y»a«-fc'.  Hooce, subtracting, at  inter 
■eofclon  «jf(«y'  +  bx')  -  Mftx*  -  ay*)  -0,  and  :.  ««'(««'  +  6,-)  -  fca-zt^  _ 
t^i'd    TtmtUag^UaimUMtly.] 
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la.  A  pftir  of  ooDjugate  diameteni.  CP  and  DC,  ara  produoad  to 
meet  the  directrix.    Show  that  the  orthocentre  of  the  triangle  formed 
hy  theae  conjugate  diameters  and  the  directrix,  is  the  fociia.    [§78 
Cor.  2 ;  i  79  J  and  Ex.  7  of  thew  Exercises.  ]  ' 

14.  Through  the  foci  F.  F,  lines  FQ,  FQ  ara  drawn  paialM 
respectively  to  the  conjugate  diameters  CD,  CP.     Show  that  the 

locus  of  <?  is  the  ellipse  ^+ j'=e«.     [FQ,  through  (ae.  0)  and  par- 
allel to  ~^^h„^'j(r-.u)',  FQ,  Uirough  (-«..  0)  and  parallel  to 


■Jx+ae);  etc] 


18.  PCI'',  DCDf  are  conjujrute  diameters  of  an  ellipse,  and  P,  P' 
D,  ly  are  Joined  to  a  point  V  on  the  circle  x«  +  y«=r«.  Show  that 
/'««  +  P'g«  +  D<?»+i)'g«=2(aH6«)  +  4r».  i.e..  is  constant 

18.  If  the  Ungent  at  the  vertex  A  cut  any  two  conjugate  diameten 
in  rand  T,  then  .4 7".  ^r  =  6*. 

17.  If  the  conjugate  diameters  CP,  CD  make  angles  *,  *"  with  the 
axis  major  CA ,  show  tiiat  cos  PCD  =  e»  cos  *  cos  r.     [If  (x,/)  bo  P 


'b:CD'"'''^TcD'''^^^^ 


«oo8(r-«)3etc.] 

la  The  angle  between  Uie  equal  conjugate  diameters  being  12(r, 
•how  :hat  the  eccentricity  of  the  ellipse  is  ^/|.      [Use    resulU  of 

Exa.  8,  4  and  17,  remembering  that  -,=  1  -e*.) 

19.  Show  that  the  angle  between  any  pair  of  conjugate  diameters 
is  obtuae,  exce|it  when  they  become  the  axes  CA,  CB.  [See  Ex.  17  • 
coaPCDisn^ative.]  ' 

2a  Show  that  the  angle  PCD,  between  the  conjugate  diamet«rt, 
is  a  maximum  when  theae  diameten  are  equal,  [i  87,  ah  =  area  of  DP 
=  CP.CDAfi  PCD.  Hence  PCA  being  obtuse,  will  begreatest  when 
nn  PCD  is  least,  •.«.,  when  CP.CD  is  greatest  Also  2CP.CD  =  CP* 
^CE^-(CP-CDfma*  +  V-{CP-CD)*i  etc.) 

ai.  If  #,  r  he  the  angles  which  th«  conjugate  diameters  CP,  CD 
make  with  the  axia  major  CA,  then  C/*ain  2#-i-  <7/>*Bin  2r  =  0.  Vuse 
VwalU  for  ooa  #,  etc..  in  Ex.  17.] 


.  a 
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Sii  Find  tbeloeosof  Ui«mlddkiio4at«o#«k— I     , 
byy»«.(x-«,.    SubrtltuUng  In  Elation  or  •mp.,£+,,^,,^ 
"^  "^'"^  ""*'- ;;^  »•««••"(*.»)  b.  mlddZ  point  .rf  ^^. 

21  CT»,  CZ).!.  conjugate  diMiMters.  and  diamotM  rir  nt 
drawn  parallel  to  U»  foci  distance.  DF  ^'    a^^  f  «„^     *"• 
">««»gle  between  CAT  and  CA.    (See  note  on  Ex.  9  J  ^^ 

«  oe  perpendwular  to  tangent  DT.    Tha„  CT^a,  (§761 
Aim.  triangle.  POi^.Crjfa««„,ilar.    Henoe  SJ',  £f?;  or  «  PV 


^  •to.] 
as-  K  r,  r-  be  any  two  ••ml-dlametera  at 


oti>ar,abowtlwt 


right  uiglea  to  on* 


1^11        I 


CHAPTER  Vm. 

THI  HYPERBOLA. 


wh?r       "''^-    ^»  "W»>0»*  «  the  locu«  of  a  point 
^oh  n,ove»  so  that  iu  d«tauce  from  a  fixed  S 
caUed  the  focus,  i«  in  »  consUnt  ratio   (.>l^  to  itL 

it«^!f,  !l^    T  '^'^  ^"*"«"  "'  *»>«  hyperl>,.la  from 

If  tt  dJl'°;'^*.*^"*''°°  ^'"*  *••"•»  the'^transUtTou 
of  the  definition  ,nto  analytic  language.     The  proper 

definition,  wiU  then  be  contained  in  the  equation  of 
the  curve,  and  wiU  appear  on  a  suiUble  SamiTtion 
.r  analywg  being  made  of  this  equation.       "*^"*'" 

I.  Bhutto.  ma4  Truce  .f  ifce  ■yperb.liu 

90.  To  find  the  equatioa  of  the  HyptrboU. 


Let  J*  be  the  focus,  and  MZ  the  dirwtrix;   and  lei 
rx  be  perpendicuUr  to  MZ.  «««,   wa  let 

179 


-ays*' 


174 


ft 


ANALrricAL  Geometby. 


^Drdde  FZ  iutemaUy  at  A,  and  externally  at  A', 
^F  A'F 

or    AF~e.ZA,  and  A  F^e.A'Z: 
then  A  and  A'  are  pointa  on  the  locus. 

Binect  A  A  «t   C;   and  let  ^'A-2«,   go   that   ^'C 

™  Oil  "O, 

Then  2CT-^'F+.4J; 


Aim 


A  CF-rte. 

a 
e' 
Let  now  C  be  taken  a8  origin,  and  CZ  a.  axi.  otx. 
AlHo  let  Cy,  perpendicuUr  to  CZ,  be  the  axis  of  y 
r"   ™*'  y)  ^  »"y  point  on  the  locus,  and  PM  P^ 
the  perpendiculars  to  MZ,  Cx,  respecively. 
Then  by  definition  of  the  hyperboU, 
PF 
MP'*' 


.'.  «•(«»- l)-y*-a«(«»-i) 


(-^)'' 


-1. 


which  is  the  equation  of  the  hyperbol 


The  Hyperbola. 
The  equation  is  usually  written 
l'    ??    1 

where    6«-aV-l),  or  ««. 
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The  results, 
distance 


u 


vom  C  to  focus,  CF,  ^ae, 
directrix,  CZ,  =.% 


it   <i 


square  of  eccentricity,  t',  =  "II^, 
are  very  important,  and  should  be  remembered. 

thM  ^iT;  .nd  thePBfow.  when  Z  ia  Uken  to  th«  Wt V-fi^fT^ 
t.rn.1  pomt  of  divuiion  ^ '  wiU  occur  tothel^  ^     Hen^  1^"Z 

oonvn-no.  of  di^ng  with  pomUve  q««titi«  ».  y.  eto^  "** 

Unless  the  contrary  is  stated,  the  eqwiion  of  the 

hyperboU  wUl  be  supposed  to  be  of  the  f orm  ^  -  J^  - 1 

a-    ^    ^• 

^1.  To  trace  the  form  of  the  hyperbola  from  to  «,«.- 

take  CA  -  a,  C^  .  .  «,  the  ourve  passes  through  A  and 
A.     If,  however,  we  put  x-0  «.  <f  ft  /~T  -v  u 

ilX'  i.  caUed  the  tnunverse  axis  of  the  hvner 

liola.    If  point*  B  R  h«  t»W»n  ««  ii!        •      !  '^yP***- 

F"*uMi  «,  ^  oe  taken  on  the  axis  of  p,  raoh 


"ji-sajH'.^aii 
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that  Cfi-6,  CB^-h,  theu  Bff  io  caUed  the  oonju- 
gate  axis.  A  and  A'  are  caUed  the  verUoM  of  the 
hyperbola. 

(2).  y=  ±- V-«*.  Hence  x  cannot  be  numerical- 
ly lew  than  ±  « ;  and  the  curvt,  falls  entirely  beyond 
two  hues  drawn  through  A  and  A'  at  right  ansles  to 
the  axis  of  x.  o  o 


(3).  y^ 


HencH  AA  X  increattfN  numeri- 


caUy  beyond  ±a,  j,  increases;  and  when  x  becomes 
mdeftnitely  great,   y  also  becomes  indefinitely  great 
Thus  the  curve  has  infinite  branches  on  both  rides  of 
the  ongm,  and  above  and  below  the  axis  of  x. 


(4).  For  a  given  vahie  of  a:,  the  values  of  y  are 
equal  with  opposite  signs.  Hence  the  curve  is  sym- 
metrical  with  respect  to  the  axis  of  x.    SimiUrly  from 

»-  ±  J  VPTP  it  appears  that  the  curve  is  symmetrical 
with  respect  to  tlie  axis  of  y. 
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(5).  If  we  suppose  the  straight  liue  y-»w  +  it  to  cut 
the  hyperbola,  we  shall  have  for  the  x's  of  the  iK»iuts  of 

interseetioD  the  e<juatiou  ^'  -  (J!E±!^ .  i^  „^  /I  _  '^V, 

mk      k* 
~"F*"^~*°^'  **1"***'*^'*''  K»^''"(?  ♦«■"  values  of  jr. 

Hence  a  straight  liue  eau  cut  au  hyperbola  iu  only  two 
points. 

(6).  If  Q  l»  any  iM>i»t  ou  the  cuno,  and  it  be  bui>. 
l»08ed  to  move  alonjr  the  curve  intlefluitely  ch>He  to  ^l, 
the  line  AQ8  is  ultimately  the  tangent  at  A,  and  the 
angle  QAR  ia  then  the  angle  at  which  the  curve  outs 
the  axis  of  x.    Now 

A'V  _  jy_ ^  ft;    x+j, 
*  -  a    »•       y 


ivku  QAR  == 


AR' 


h-    n  +  n 


Therefore  ultimately  tan  QAR^t .  'ill'  .  co  ;  and  the 

angle  QAR  in  the  limit  is  90*.  Hence  the  curve  cuts 
the  axis  of  x  at  .1  at  right  augles;  and  by  symmetry 
therefore  at  A'  also. 

Collating  these  fact*,  we  see  that  the  hyperbola 
has  the  form  given  in  the  diagram. 

The  symmetry  of  the  curve  shows  that,  since 
there  is  a  focus  F  and  a  directrix  ZM  to  the  right  of 
the  origin,  there  is  a  focui  F  and  m  directrix  Z-Jlf 
at  the  same  distances  to  the  left  of  the  origin. 
Hence  we  have  not  only  the  constant  relation  PF~  e.MP 
for  all  positions  of  P,  but  also  the  constant  relation 
PF'-.e.M'P. 
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^92.  The  ,H,iut  C  i»  caUed  the  centre  of  the   hypep. 
Any  chord  throiitrli  the  oeutrt.  i.s  calletl  »  diameter. 

u  ^r"^  ?®"*  ^**"*"*^**  ^**«  <*"'">  0'  the  hyperbola 
W  were  bisected.  Thi«  proponition  may  be  proved  for 
the  hyperbola  in  the  sarne  way  as  for  the  eUip«e  (§67). 

93  To  And  the  distances  of  any  point  (r.  y)  on  the 
hyperboU  from  the  foci. 

Let  P  be  the  point  (x,  y). 
Then        PF^e.MP^e.ZN, 

"eiCN-CZ), 

Also       PF'^e.M'F^e.ZAr 

Hence         PF  -  PF=  {,x  +  «)-(„-«), 


=  2rt. 


Therefore  the  dUfcrenoe  of  the  focal  distances  is 
J^Jtajt  for  aU  points  on  the  hyperbola,  and  is 


Tfce  preceding  propertyi   PF-PF^2a,   suggests  a 
method  of  descnhing  the  hyperbola  mechanica^^^  For 


'W^mMM 
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if  a  Btraight-tfdge  FQ  \m  capable  of  Kvolution  about 
F;  and  the  ends  of  an  inextensible  Btring,  of  length 
less  than  FQ,  be  fastened  at  F  and  Q,  and  the  string 
be  kept  tant  by  a  pencil  at  P,  the  pencU  wiU  trace 
out  an  hyperbola  ag  the  straightedge  revolves  about 
F.  For  I  being  the  length  of  the  string,  let  2a +  /  be 
the  length  of  FQ.  Hence  PQ  being  common  to 
straight-edge  and  string,  PF-PF^2a,  and  the  loooa 
of  P  obeys  the  law  of  the  hyperbola. 

94.  PoUowing  the  method  of  §69,  we  may  show  that 
in  the  hyperbola,  as  in  the  ellipro,  the  double  ordinate 

through  a  focus,  called  the  latns  rectum,  is  2-. 

a 


KxereisM. 

1.  Pind  the  axw,  transvenw  and  conjugate,  the  eooentrioity,  the 
dwtancea  from  centre  to  focus  ami  directrix,  and  the  latua  rectum  of 
the  hyperbola  .tr*  -  4y*a  IS. 

2.  In  an  hyperboU  the  diat«noe  from  the  centre  to  a  focus  to  Ju 
and  to  a  directrix  -j^  •  find  the  equation  of  the  curve. 

3.  The  equation  of  an  ellipse  being  2*«  +  ?»■=  U.  find  the  equation 
of  an  hyperbola  which  is  confocal  with  it  and  whose  conjugate  axis  is 
equal  to  the  minor  axis  of  the  ellipse. 

4.  In  the  hyperbola  2*«-V=«  find  the  dtotances  from  tho  point 
(S,  2)  to  the  foci. 

5.  If  the  craok  of  a  rifle  aud  the  thud  of  the  baU  on  the  target  lie 
hoard  at  the  same  insUnt.  idiow  that  the  lornis  of  the  heMW  is  that 
>  ranch  of  an  hyperbola  for  which  the  rifle  to  the  farther  and  the 
target  the  nearer  focus. 

6.  Find  the  lociw  of  a  point  which  mores  so  that  its  dtotuice  frum 
the  origin  is  a  mean  proportional  between  its  dtotuiom  from  the 
poinU(c,  d),{-f.O). 


im 
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the  eqoetion  of  the  hvuerfaoU      fW„ '^""'■"c'ly  "  s'3.     Find 

(v/»,l).J  nyi»r«»l«.     tHyperhoU  pmm.  throutrh  ,»|nt 

*t"^.  7^w  :ilr"'?Ji:'^"'""''^»-''«'-'*'^  Z-^./-^' interact 

Tr^.y''''     "'"•  "'•  "•     ''^  '*  ''  •""  '"•  '»•-  «!-''-  «' 
.nd'/l;lr '"'"'"  "''"'*'^"'  «'^''>^*»--*  =  «'   whence. 

Most  of  the  propositions  estabUshed  in  the  previous 

alw    and  the  proofs  in  the  case  of  the  hyperbola  are 
repetitions    of   the    demonstrations  of  ChTter  VlT 

fTro  i^  wh"/t'f;*^  '°^    '^'     ''  "  -«cfenTthei 
foro  m  what  foUows  to  pve  merely  the  ennnoiations. 

■I.   Taageniii  and  lir«nwUs. 

JH^^'7^  •^"**^  "*  **»•  ^'^  t»  the  hyperbola 
in  twa.  of  the  co^f.  of  the  point  of  eont«:t^^to 


—  _?*     1 


■(«70). 


t«!2;  ^J1"*^"  •'  *^'  ^"*  *•  ^«  »»yP«bol*  in 
temM  of  ha  iacUaatloii  totheaxlaofxis 

y  =  »»Mr±  ^iH«fl*-^.  ..(5  71), 
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(Syu  «  b.  th.  aafto  which  tht  pnpndkuUT  tnm 

T^IS?'J\^  '^•■*  "^^  ''^^  ^  axil  of  '.  th« 
•quatioB  of  th«  tufmt  bocomM 

«coa«  +  ygin.-  ^/fl*co«^-A«Hin>..  ..(^72). 

(4).  Th«  •qiwtion  of  th«  aoraul  to  the  hTporboU  at 
tht  polat  (X,  t^)  k  yp«niou  n 


a 


A^ 


7*  +  ^* -"»='  +  **. 


.(«78). 


(«)•  la  tiw  hyperboU  the  tucent  blMcti  the  uule 
Mtwtni  the  focal  diMancee.    (f  74). 


Here  putting  y-0  in  the  equation  of  the   tangent, 


^T=^.     Hence 


TV        .         "*       "/      . 

and  therefore  PT*  bjgects  the  angle  FPF. 
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Evidently  the  normal  makes  equal  angles  with  the 
focal  dirtances. 

(6).  In  the  hyperbola  the  product  of  the  perpendiculars 
ftom  the  foci  on  the  tangent  is  constant  and  equal  to  6^. 

Here,  in  following  the  method  of  §75,  we  shaU  iret 
the  result  FYFY,.  -V,  the  negative  sign  being L- 
plained  by  the  incidence  of  the  perpendiculars  on 
opposite  sides  of  the  tangent.    See  §28. 

(7).  In  the  hyperbola  the  locus  of  the  foot  of  the  per- 
pemUcular  from  either  focus  on  the  tangent  is  a  dide 
on  the  transverse  axis  as  diameter,  i.e.,  the  circle 
«*  +  y«  =  a«..    (§76). 

(8).  In  the  hyperbola  the  locus  of  the  intersection  of 
tangents  at  right  angles  to  each  other  is  the  circle 

««  +  yS  =  a2_6J.     ..(§77). 

This  circle  reduces  to  a  point  when  a  =  6;  Le..  when 
«  =  6  oiUy  one  pair  of  tangents  are  at  right  angles  to 
each  other,  namely  the  asymptotes  in  the  case  of  the 
rectangular  hyperbola,  (§100).  The  circle  becomes 
imaginary  when  a<h,  i.e.,  no  tangents  are  then  at 
nght  angles  to  each  other. 


Xxerclses. 


3.  Find  the  values  of  m  that  the  line 


y- *=»(*- A),  which 
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through  the  point  (*.  k).  may  be  a  tangent  to  the  hyperbola.     [Iden. 
tify««-..*-«.A,0with5:-^=,.^^^^.|;^^, 

4.  Is  it  po«ible  for  aU  values  of  « to  draw  a  tangent  to  the  hyper- 
bola  parallel  to  the  line  y=„ul  iThe  tangents^rallel uTthtaT™ 
y-fnx±^m:'a*-bl'.] 

5.  Is  it  possible  for  aU  positions  of  the  point  (A.  *),  (Ex.  3),  to 
draw  tangents  from  it  to  the  hyperbola?  ^  '    "  i  ;.  «» 

P  J'  ?/  ^^^  ^'"'  °°  *"*"  hyperbola,  and  circles  be  described  on 

'/jf  "1.  """'"*"•  *''**''  *•*'  ^•'^y  ^^i"  »o«ch  thecirele  described 
on  AA  as  diameter.    [See  Ex.  23,  p.  142.] 

7.  The  line  »=mx  +  i  touches  the  pai-abola  y»=4«»,  (§53).  Show 
that   it   inU   also  touch   the    hyperboU   6«*»-oyaaV,  if    e»» 

8.  Show  that  the  ellipse,  and  hyperbola 

areoonfocaL 

».  Show  that  the  confocal  conies  in  the  preceding  exeroise  cut  one 
ano&er  at  nght  angles.      [If  (x',  /)  be  their  point  of  intersection 

a*{a*-k)~^^r^)~^     *'°™  equations  of  tangents  at  intersection,  j 
10.  If  a,  ^  be  the  intercepts  on  the  axes  of  any  tangent  to  an  hyper- 
bola, show  that  T  -  3 = 1. 

^l  *u  7.^"**"^  ■"  ^"""^  ***  *•  hyperbola  from  the  point  («,  S), 
such  that  the  product  of  the  tangent,  of  the  angles  they  make  w2 
the  transverse  axis  is  V    Show  that  the  locus  of  (a,  «  is  ««  +  6«= 

12.  Knd  the  condition  that  the  line  fcr+«y+,«o  may  beanonnal 
to  the  hyperbola,  [Identifythisequationwith§r+^-  (a»+t«).(n 
ohtaimng  ~=,  etc.    Thmice  jc,  y  j  etc.] 
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14.  In  the  equilateral  hyperbola  (o=6)  if  Pr  ♦»,-  „^—  i  .  .. 
meet  the  t.nsverse  axis  i„Tthe„   '^CoX  anf^^e:.:  t"  •::::L'*  '^• 

IS^If  the  tangent  and  normal  at  P  cut  the  tmnsvenw  axis  in  r 
and  O  respectively,  show  that  /•,  r.  F.  ./  form  u  harmo^c  rangl 

III.    Poles  and  Polaix. 

96.  (1).  lie  polar  of  any  given  point  (*',  y)  with 
respect  to  the  hyperbola  \k  \  »  y  ^   witn 

xx'    ««' 

p--l  =  l  •■••(§78). 

The  directrix  is  the  polar  of  the  focus  (§78,  Cor.  2). 
(2).  In  the  hyperbola  any  focal  chord  is  at  right  anirles 
to  the  line  joining  its  pole  to  the  focus.    \^) 

(3)^  In  tte  hyperbola  if  <?  lies  on  the  pohir  of  P,  then 
P  lies  on  the  polar  of  q.    (§80). 

If  a  point  moves  along  a  fixed  straight  line,  its  nolar 
tums  about  the  pole  of  this  line.    (§8?,  Cor!^2). 

(4).  A  chord  of  an  hyperbola  is  divided  harmonicaUy 
by  any  point  on  it  and  the  polar  of  that  point.    (§81.) 

Exercises. 

1.  Find  the  pole  of  the  line  /.:  +  mv  +  „=0  with  respect  t.  ^he 
hy,«rbola.     [Identify  this  line  with  ^'  -  ^=  1,  obtaining  "L  -  ZJL 

2    Chords  to  the  hyperbola  anj  dmwn  through  the  intersection  n» 
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..*  S""*  ***''  '^^*'  ***  ''"  hyperboU  tiie  pola  of  it.  nomwl 

4.  In  the  hyperbola  find  the  locus  of  the  pole  of  the  normal.  fPut 
X  and  y  equal  to  results  in  previous  exercise,  and  eliminate  a:',  y-  by 
means  of  equation  of  hyperbola.]  ' 

5.  Find  the  locus  of  the  poles  with  respect  to  the  hyperbola,  of 
tangents  to  the  circle^=a«  +  6^  [Tangents  to  the  ciXre  rej^, 
sented  by  y=mx+  ^V  +  6»)  (w'+l).     Identifying  this  with^  -  ^ 


>1,  we  get —  =?.  =  . 
too"     b' 


-I 


Eliminate  m.] 


6.  A  tangent  to  the  hyperbola  x>.y^=a^  »  dmwn.  whose  inolina- 
faon  to  the  axis  of  x  is  tan-'m.  Find  its  pole  with  respect  to  the 
paraboU  y»=4aa-.  [Tangent  is  represented  by  y=mx+a^/;^rr. 
Identifying  this  with  ify" =2a{x  +  af)  we  get  —  =  ?i'  =      ^      ■, 

7.  In  the  preceding  exercise  find  the  locus  of  the  pole  as  m  variesL 

8.  K  (X',  y')  be  a  point  on  the  hyperboU  -  ^  +  g=  1.  show  that  its 
polar  with  respect  to  ^I-g=l  touches  the  former  hyperbola, 
f^*"  -^  +  ^^=1.  Also  polar  is  ^'-?^  =  ,.  Find  condition  that 
this  touches  -  -=  +  ^=  1  1 

9.  Find  the  dirwtion-cosines  of  the  chord  of  the  hyperbola  which  is 

i^rt'  .^''*  ^'"'  <*'•  ^''  *"**  *•"«"**  °^***'»  '»»«  «l»»«on  of  thU 
cnord.    [Follow  method  suggested  in  Ex.  3.  p.  126.] 

10.  In  the  hyperbola  show  that  the  polar  of  any  point  is 
parallel  to  the  chord  which  Is  bisected  at  that  point. 

11.  In  the  hyperbola  And  the  pole  of  the  chord  which  is 

J??*.^.     5^®  P°'°*  <'■  *'^  ^^'^  »''  »°*»  show  that  it  Ues 
on  the  Une  Joining  (y,  y)  to  the  centre  of  the  hyperbola. 

Hence  tangents  at  the  ends  of  any  chord  of  an  hyper- 
bola  intersect  on  the  diameter  which  bisects  that  chord. 

12.  If  tangents  be  drawn  trom  {x'.  y-)  to  the  hyperbola, 
show  that  they  touch  the  same  or  opposite  branches  of 


18C 


•s 


Analytical  Geometry. 


the  hyperbola  according  as  fr.^-a^y^  ^  p^,^^^  ^^  ^^^ 

tlve.  [Combining^  -^=,,  the  Har  of  (.'y,.  with  equation  of 
hyperbola,  we  get  a  quadratic  for  x'8  of  points  of  contact  Product 
of  roots  will  be  found  to  be  '*'<^'  +  y'')  i 

Later  it  may  be  seen  that  fc«a;'«  -  «»«'» is  nositivp  nr  «»^»- 
inirasri-'  «>  ia  «,if».{„         -.l         .      '" ''**""^® '"^"egative.accord- 
Wnte  from  «   L»  *""  '"'^"*  *''*  •«yn'Ptotes.   Hence  the  tan- 

Is  between  or  outside  the  asymptotes!  ^        '*°*"' 

IV.    Parallel  Chords  and  Coqjagate  Diameters. 

97.  (1).  In  an  hyperbola  the  locus  of  the  bisections  of 

aU  chord,  parallel  to  the  diameter  f  =  |  is  the  diameter 
Ix    my    „  *     "* 

^-ftf  =  0.     (§82). 

all]?'t«^*"l*t^'  •^•°*^  •'  *  '^^•t^  IB  Par- 
JUe^  to  the  chords  which  that  diameter  bisects.     (§S, 


r^Ki^J^^,,^**^  *^*  '^"'^  P*"*"*!  to  <7A  then 
Ci>  bisects  aU  chords  parallel  to  CP.    (§83). 
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CP  and  CD  a  «  caUed  conjugate  djameten. 

ItB.ffhe  tho  angles  which  CP,  CD  make  with  the 
axi8  of  X,  then 

tan  tf-tan  «"- +^  ....(§83) 
a  relation  which  in  the  hyperbola  always  connects  the 
tangents  of  the  angles  which  any  pair  of  conjugate 
diameters  make  with  the  transverse  axis.  The  posi- 
tive  sign  before  ^  shows  that  in  the  hyperbola  con- 
jngate  diameters  fall  on  the  same  side  of  the  conjugate 

cuuS* 


98.  The  equation    of    the  tangent  at  P  (»'  v*)   is 
oaf    y^  \    >9 / 

^  -  jj -1;  and  therefore  the  equation  of  CD,  which 

is  paraUel  to  the  tangent  at  P  f§97,  (1)]  and  passes 

tiirough  the  origin,  is  f-f =0,  or  y=^' .  ^.     For 

the  points  where  CD  cuts  the  hyperbol .  ve  must  com- 
bme  this  with  the  equation  of  the  curve.  The  combi- 
nation  gives 

x^  ¥ 


Hence  CD  does  not  meet  the  hyperbola;  i.e.,  In  the 
hyperbola  one  of  a  palp  of  conjugate  diameters 
0068  not  meet  the  curve. 


i  'i 
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Exercises. 

J;  ^"f  /'"*'»• ''yP^'l^'*  tl**  equations  of  the  diameter,  which  an 
conjugate  to  the  following  j 

ar+y.O;  |- J.  ax  +  by^O}  bx-2ay^0. 

Hill'"  ^^^^'^  than  6.  find  which  of  each  pair  of  conjuRate 
diamete.-«  in  the  preceding  exercise,  cuts  the  hyperbola. 

.3.  If^poeitivchowthat-    |.   ^I  •  £  a«,  in  oHer  of  ma^.i. 

tude;    ..«..  that  the  pair  of  eoi^ugate  diameters  ?=  ^ 

'*    wy  „  „  '    *"' 

^i  -  t7 =0.  lie  on  opposite  sides  of  the  Une  -  -  ^^=0  [if  t2  <  i 

then  l^.i.  and  ?<^.Z.,  "     ^      '        '     "' 

If  7  be  negative,  show  that  the  pair  of  coiUagate 
'»**»**«"  f = h  §  -  f =0  He  on  opposite  sides  of  f +?.a 

in*;h?f^nL'"^^°' ***.'■??*'*"  **'*•'•  ^yP^'^^  «  *  an"d  it  lies 
^kt^mT  '^"*"°"  **'  the  conjugate  diameter. 

5.  In  the  hyperboU  show  that  tangents  at  the  extremities  of  any 
cho«iparaUelto^=J^  inter««ton  theline  g-^=0,  U,  In  the 

SK^^ltS!.*"*  the  ellipse,  tangents  at  the  ends  of  any 

iu^^  wt^^f  ^  rt  ^''*'»  «llameter  Intersect  on  the  eon- 
Jugate  diameter.    [See  Ex.  7,  p.  170.] 

6.  In  the  hyperbob.  if  tangents  be  drawn  from  any  point  on  the 
,.      Ix    my 

a^~W~^'  * ^^"  *^'""^  °^  contact  is  parallel  to  -  =  ?  .    u.    In 

2niin?®'?°^*'  ^  *"  *^®  «"'P^  t»»«  chord  Of  wntact  of 
tanpnts  from  any  point  on  a  diameter  is  paraUel  to  the 
eoAJugate  diameter.   [See  Ex.  8.  p.  1703.  *««»"«  «>  the 

7.  In  the  hyperbohi,  if  CD,  the  diameter  conjugate  to  CP  cute  the 
focal^djstanoes  PF.  PF'  in  L  and  M,  then  A  =  Pir.     [Cll 
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•.  In  th«  hyperbola,  if  PF  meet  CD  in  E,  then  />i?=.o.  [See  Ex. 
llf  |x  J7U*j 

9.  Through  tlie  foci  F,  F'  of  the  hyperbola  lines  FQ.  F'Q  are 
drawn  parallel  to  the  conjugate  diameters  CD,  CP.  Show  that  the 
locua  of  <?  is  the  hyperbok  g  -  g=e'.    [See  Ex.  14.  p.  171.] 

10.  Show  that  the  radius-vectors  r,  r'  from  the  centre  to  the  hyper- 

hoi    __'^  1  **  y' 

a-J  P=i'  a«-)7^  =  «'.  «"fl  nuikinK  the  stinie  angle  *  with  the 
transverse  axis,  are  in  the  constant  ratio  1 :..  Hence  show  that  the 
latter  hyperbok  lies  entirely  on  the  concave  side  of  the  former 

[-/cos^tf    sin^Vx     .  T 


V.   Asymptotes  and  Coujngate  Hyperbola. 

99.  Dep.  An  asymptote  to  any  curve  is  the  Umit- 
ing  position  of  the  tangent  as  the  point  of  contact 
moves  oflf  to  an  infinite  distance,  tlie  tangent  itself 
remaining  at  a  finite  distance  from  the  origin. 

In  the  parabola  the  tangent  yy'-2a(«+x')  may  be 
written  ^ 

y^         It 

Here,  when  the  point  of  contact  {af.y')  is  «*at  in- 
finity," the  tangent  of  the  angle  which   the  tangent 

makes  with  the  axis  of  x,  i.e.,  ?^,  is  ?^.0j   and   the 

y  CO 

tangent  "at  infinity"  is  parallel  to  the  axis  of  x.    Also 
the  intercept  of  the  tangent  on  the  axis  of  y  ' 

-2«.^=2a.|,  (sincejr.4ax',and ...  ^=|.),  =  |y  .  „. 

Hence  in  the  parabola,   when   the  point  of   contact 
moves  oflf  to  an  infinite  distance,  the  tangent  is  at  an 
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inflnite  distance  from  the  origin.  Thus  though  the 
paraboU  has  tangents  at  infinity,  it  is  not  usual  to 
speak  of  such  as  asymptotes. 

In  the  next  article  we  shall  see  that  in  the  hyper- 
bola  the  tangents  "at  infinity"  are  not  at  an  infinite 
distance  from  the  origin,  and  the  curve  has  asymptotes. 

Ex  In  the  preceding  expUin  why,  when  the  orfinate  of  the  point 
of  cont«:t ..  /  .nd  the  intercept  on  the  .xis  of  y  i.  J  y',  it  j,  po^ble 
for  the  tuigent  ••  .t  infinity  "  to  be  ,*«Uel  to  the  •xi.  of  *. 

100.  To  find  the  asymptotet  of  the  hyperboU. 
The  tangent  to  the  hyperbola,  ^'-^  =  1,  may  be 
written 

£    «^     y     1 

When  the  point  of  contact  (x',  y)  moves  off  to  an 
infinite  distance,  i-l-«o. 
Also  since 

£?    ^    1 

=  p,  when  y'-  eo- 

**        a     .  . 
•••  P'='  *p  tdtmiately. 

.  f !f';®  r:^«^  **^«  Poi»t  o'  contact   (x',  y)  becomes 
mflmtely  distant,  the  tangent  (1)  becomes 


X       <^     If     f. 


a 


b    V 


or  ±i-|.o, 
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-±7  =  0. 

a     b 
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which  represent  two  lines  through  the  origin.    There- 
fore  the  asymptotes  of  the  hyperbola  are 


They  may  be  included  in  the  single  form 

Since  the  equations  of  the  asymptotes  are  y  =  ±  -x 
thb  asymptotes  are  two  lines  equally  inclined  to  the 
axis  of  X  at  angles  whose  tangents  are  ±  - . 


The  preceding  diagram  illustrates  the  method  of 
drawing  the  asymptotes,  and  their  positions.  The 
npper  and  lower  curves  are  the  branches  of  the  con- 
jugate hyperbola,  to  be  referred  to  in  the  next  article. 

If  0-6,  the  asymptotes  make  angles  of  45!  with  the 
transverse  axis,  and  are  at  right  angles  to  each  other. 


I  i 
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•m  hyperbola.    Its  equation  in  j-=»  -  y« .  „».    ^ 
101.  Conjugate  Hyperbola.    The  equation 


o?«*;fLTr*'/"^*'^''^'*  ^'"«^  ««*«  the  axi« 
of  y  at  points  B  and  R,  distant  ±  6  from  C.    It  doen 
not   cut  the   axis   of  x     Thii«  nr/r  ;»  i*    * 
axiiL  »n^  j/>j'    *  .  ""^^  "  **■  tranaverse 

mluvelv^;!      "  .'""^"^**  axi«,-line8   which  are 
m^t  vely  the  conjugate  and  transverse  axes  of  the 

•re  8aid  to  be  conjugate  with  respect  to  each  other. 
We  may  convenienUy  speak  of  ^'-g.i.    ^   the 
Primary  hyperbola,  and  of  -g^^.i  .«  ^he  con- 

ihTJfag!r:r;iio.'^''^  ^--^^^  •^•^  -^-^^^^  ^^ 

evJd'ent^  *^'  ^^^'^"tricity  of  the  conjugate  hyperbola, 
The  distance  of  its  directrices  from  C  is  -, ^ 


and  their  equations  are  y=  ± 


6* 


^/^+P'' 


Its  asymptotes  evidently  are  f  tf  =  0,  and  are   the 
same  as  t:  ose  of  the  primary  hyperbola. 
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102.  The  extremltj  P  of  aay  diameter  beinf  {jC,  ^), 
then  d,  the  point  in  which  the  conjugate  diameter  cntt 
the  conjugate  hyperboU,  is  (Jy ,  ^x\    (j  84). 


The  equation  of  the  tangent  at  P  is  —  .^^i- 

and  therefore  the  equation  of  Cd,  which  is  paraUel  to 
the  tangent  at  P  [§  97,  (1)],  and  passes  through  the 

origin,  i  V  -  f  =  0,  or  y  -  ^.  p.  For  the  point  d,  where 

Cd  cuts  the  conjugate  hyperbola,  - 1' +  ^,  „  i,  we  must 
combine  these  equations : 

«•    1    i*  x'^  »    , 


or  £!  *Y  y^x*'"\  1 


or 


.'. «-  ±  xy", 
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audy=  ±-x'. 
a 


Since,  S  97,  (2),  CP,  Cd  lie  in  the  same  quadrant,  the 
positive  signs  have  reference  to  the  point  d,  and  the 
negative  to  d'. 

103.  In  the  hyperbola  CF^  -  Cd^  =  a^  -  bK    (§  85). 

For  CP^ - ad^  =  x'^  +  y 2 _p,_^^^.,^ 

104.  The  product  of  the  focal  distances  PF  PF   is 
equal  to  CO'.    (§  86). 

ForP^.PF'  =  (rx'-a)(«c'  +  fl), 


a 


,2*    » 


^*   » 


105.  The 


!  tangents 
For  the  tangent  at  P  («',  y')  is 


tote?-f  = 
a    b 


at  P  and  rf  intersect  on  the  asymp. 


«£_yy;_ 


a»     62 


=  1 


(1) 


and  the 


tangent  at  d  /|y',  -A 


IS 
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■"h^ 


a  .        h  , 
xy"     yx' 


"'•  -fh^lTb-^ 


(2). 


Subtracting  (1)  and  (2)  we  have  (§12)  the  equation  of 
a  hue  through  their  intersection. 

«'-»-(^?-)-|(^f)-o. 

-  (M)(M)-«. 

»■•  !-!-<>. 

a    0      ' 
which  is  the  asymptote,  is  a  line  through  the  inter- 
section of  these  tangents. 

In  like  manner  we  may  show  that  the  tangents  at 

d  and  P"  intersect  on  -  +  f  =  0 :  etc 

ah' 

Thus  the  asymptotes  are  the  diagonals  of  the  par- 
aUelogram  formed  by  drawing  tangents  to  the  hyper- 
bola and  to  its  conjugate  at  the  extremities  of  con- 
jugate diameters. 

106.  If  a  parallelogram  be  formed  by  drawing  tan- 
gents at  P,  i",  d,  d',  its  area  is  constant,  and  equal  to 
4«ft.     (§87).  4««i  TO 

For,  Area  of  |r  =  4Cdx  perp.  from  C  on  tangent  at  P 

1 


=  iCd. 


«4Crf. 


ah 
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=  4Crf. 
=  4ab. 


ah 


ti,.   ;i.  °^  ****  ™''^°**  ""^  588,   we   may  show 

that   the  equation  of  the  hyperbola  referred  to  a  pair 
of  conjugate  diameters  as  axes  of  co-ordinates  is 

Where  «'-  CP,  and  V -  Cf?.    See  also  5 115. 

lOa  To  find  the  equation   of  the   hyperbota  when 
referred  to  its  asymptotes  as  axes  of  coordinates. 


Let  C^  Cy  be  the  asymptotes  of  the  hyperbola*oa 
which  P  (X,  y)  is  any  point.  Let  PN'  be^raUd  ^o 
cy  so  that  Cir^^,  N'P^y  are  the  co-oSes  of 
Pjhen  the  asymptotes  Cx',  Cy  are  the  axes  of  co- 
ordinates.    PKL,  Mir  are  parallel  to  Cy,  and  K'L 

Let  a  be  the  angle  xCy'  =  xCjt',  so  that  (§  100)  tan  «  =  * 

Hence    *i5J^=?.  or  ?i5!--*'^        1 

cosa    a'  hi        a^   ^^mrSi' 


a 
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Then  x^CN=.CM^N'L^VH'  co8.  +  JV"Pco8a  = 

{x'  +  y')  C08  .. 
yNP^LP-NM^N'P  sin  «  -  CX'  8in  a  = 

{y'  -  af)  sin  a. 
Substituting  these  values  of  x  and  v  in  - -2^'»l 
we  have 

or  <^-*-y')'  (y'-^T  I 

or    4«y=.fl»  +  62. 
Hence,  dropping  accents, 

is  the  equation  of  the  hyperbola  when  referred  to  the 
asymptotes  as  axes  of  co-ordinates. 

109.  To  find  the  equation  of  the  tuigent  to  the  hyper- 

pom  xy=  J(a»  +  ft*)  at  the  point  {xf,  y). 

The  equation  of  the  secant  through  the  points  Plaf  iT^ 
and  Qix'^y")  is  ^  v^  K  ,¥) 

xf-x"     y'-y""    ••^^> 
But  since  {xf,  y-),  (x',  y")  lie  on  the  curve  a:y-  i(a«+ 6«) 


_  /-r 


..(2) 


From  (1)  and  (2) 


x-ie 


=  -y-y' 
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o^    v  +  -'  =  2. 

Cob.  1.  The  intercepts  of  the  tangent  on  the  asvmn. 
totes  are   2.',  2y.    Hence  the  part  of  the  tang^^r 

ini^tt  ;';r^"^""^ ''  ''--''''  ^'  "^^ 

8m2a  =  2xy8in2a  =  (a2  +  j2,si^„,^3^_       >^  ixZr'x2y 

and  IS  constant  for  all  positions  of  the  tangent 

Exercises. 

h  I„  the  equilateral  hyperbola  ;c^-y«=„^  show  that  CP  of  the 

-aat  CP.  Cd  a«  equally  inclined  to  the  common  asymptote 
*-y=0.     [§103.     Also,   §97.   (2),  t.,„*.to„,y=l»  =  ,,,^^^_^ 
Or  co-ordinates  of />  are  x'.y',  and  those  of  d,y',"']     '  " 

2.  In  the  hyperbola  »how  that  the  locus  of  the  middle  point  of  the 
line  Pd  is  the  asymptote  |-|=0.     [§102.] 

3.  Show  that  the  line  Pd  is  parallel  to  the  asymptote  ?+?  =0 
Sohook     Prop.  24  of  AddL  Props.]  l«eometry  for 


I 
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8.  If  r  be  a  semi-diameter  of  the  primary,  .md  r'  a  semidiameter 
of  the  conjugate  hyperbola,  r  and  r'  being  at  right  angles,  show  that 

a*~i^~ia~pi-      [For  primary  x  =  rcoa»,  y  =  rsiu*;  for  conjugate 
x=  -r'  Bin0,  y  =  r'cos0i  etc.] 

6.  The  equation  of  an  hyperbola  which  has  its  asymptotes  as  co- 
ordinate axes,  and  which  passes  through  the  point  (A,  k),  inxy^hk 
[i  108.  J 

7.  If  the  line  - +|=1  touch  the  hyperbola  ay =i-»,  then  4k»=ab. 

8.  If  any  line  meet  the  hyperbola  In  Q,  Q'  and  the 

asymptotes  In  /?.  Jf,  show  that  QR^Q'Jf.  [if  tangent  parallel 
to  QQ'  touch  hyperbola  in  P,  then  chords  parallel  to  QQ'  are  all 
bisected  by  CP,  §97,  (1).  Also  since  (§  109.  Cor.  1)  tangent  at  P  is 
there  bisected,  the  parts  of  all  lines  parallel  to  the  tangent,  and  inter- 
cepted  by  asymptotes,  are  bisected  by  CP.] 

9.  Given  the  two  conjugate  diameters  CP,  Cd  in  magnitude  and 
direction,  find  by  construction  the  asymptotes  and  axes.    r897  (\\ 
and  §105.     OrExs.  2and3.] 

10.  In  the  preceding  exercise  does  the  fixing  of  CP,  Cd,  in  magni- 
tude and  direction,  completely  determine  the  hyperbola  ♦    [§  107.  ] 

11.  A  variable  circle  passes  through  two  fixed  points  A  and  A', 
where  AA'=2a.  Show  that  the  locus  of  a  point  on  the  circle  where 
the  tangent  is  perpendicular  to  AA'  is  *»  -  y»=o«.  AA'  being  the  axis 
of  X,  and  the  middle  point  of  ^^'  the  origin. 

12.  If  from  the  point  i*  on  the  hyperbola.  PN  be  drawn  perpe 
dicular  to  the  transverse  axis,  and  the  tangent  at  Pout  the  trai. 
vereeaxisat  T,  show  that  C7^  is  a  mean  proportional  between  CiV 

and  CT.     [Use  equation  ^'  -  ^"=  i .  1 
a'       0* 

13.  Given  two  conjugate  diameters  CP,  Cd  of  the  hyperbola,  find  by 
geometric  construction  the  transverse  and  conjugate  axes  of  the 
curve,  ».e.,  a  and  6.     (Use  Exs.  9  and  12.] 

14.  Two  tangents  are  drawn  to  the  hyperbola  and  produced  to  meet 
the  asymptotes.  Show  that  the  lines  joining  the  points  of  intersec- 
tion with  the  asymptotes  are  parallel  to  one  another.  [Take  asymp- 
totes for  axes;  (x'.  y').  (V,  y")  for  points  of  contact;  and  therefore 
X     y 

^  +  p = 2,  etc. .  for  tangents,    x'y' = yy.  ] 
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la.  If  th«  hyijerlxila  )«  referred  fo  its  ssymptotM  u  mxem  of  co- 


a:     y 
^y"     ™p««sent  conjugate  diam- 


X 


ardiiiates,  the  Iiii«H  --^L-q 

eters.     (The  tangent  at  P  {x',  y)  is'parallel  to  the  diameter  conjugate 
to  o«  •  I 

16.  If  on  any  chord  of  an  hyperboU  hh  diagonal  a  paraUelogram  be 
constructed  whose  sides  are  parallel  to  the  asymptotes,  show  that  the 
other  diagonal  passes  through  the  centre.  {Refer  curve  to  asymp. 
totes  as  axes,  and  let  (x-.  y').  {o^,  jT)  be  co-ordinates  of  ends  of  chordj 
then  (ar,  y"),  (V.  y')  co-ordinates  of  ends  of  other  diagonal.] 

17.  In  the  preceding  exercise  show  that  the  diagonal  through  the 
centre,  and  a  diameter  parallel  to  the  given  chord  are  conjugate 
diameters  with  respect  to  each  other.  [Equation  of  diagonal  through 
centre  is  *  " 
chord 


:p, = 0.     Form  equation  of  diameter  parallel  to 


x'-nT     y' 
Use  Ex.  15.] 

18.  If  two  hyperbolas  have  the  same  asymptotes,  and  r.  ,^  be  the 
lengths  of  semi-diameters  to  them  making  the  same  angle  *  with  the 
transverse  axis,  then  r:t^  iau.  constant  ratio  for  aU  values  of  0.    [If 

a.  b,  a;  b',  be  the  semi-axes,  then  ^  =  ^,.    Also  r^  C^  coe«*-  rin*9\ 
=6«;  etc.]  "     "  ^"  >' 

19.  Two  hyperbolas  have  common  asymptotes,  and  any  tangent  is 
drawn  to  the  inner  one.  Show  that  as  a  chonl  of  the  outer  it  is 
'nseoted  at  the  point  of  contact.     [Use  Ex.  8.  ] 

20.  If  2ttbe  the  angle  between  the  asymptotes  of  the  hyperbola 
ay-*",  and  a,  6  be  its  transverse  and  conjugate  semi-axes,  show  that 
a32itcosa,6=:24;sina 


CHAPTER  IX. 

THE  GENERAL  EQUATION  OP  THE  SECOND  DEGREE. 


110.  In  finding  the  equations  of  the  parabola,  ellipse, 
and  hyperbola,  the  positions  of  the  origin  and  axes 
with  respect  to  the  curves  were  specially  selected,  that 
the  equations  of  the  curves  might  be  obtained  in  forms 
the  simplest  and  therefore  most  convenient  for  discus- 
sion. Prom  Ex.  12,  page  111,  however,  it  appears 
that  when  the  directrix  is  any  line,  ^x  +  By+O-O, 
and  the  focus  any  point,  («,  h),  the  equation  of  the 
parabola  consists  of  terms  involving  x^,  xy,  y',  x,  y,  and 
a  term  with  no  variable  in  it.  Indeed  in  the  case  of 
any  conic,  if  we  suppose  the  directrix,  say  ilx  +  By  +  C  =•  0, 
and  the  focus,  say  (o,  /9),  to  have  any  positions  with 
respect  to  the  axes,  and  the  eccentricity  to  be  any  ratio 
e:l,  the  definition  of  a  conic  is  expressed  by  the  equa- 
tion 

(*-)^  +  (y-/8)«=:.«.<if+5^^, 

which  consists  of  terms  involving  x\  xy,  y»,  etc. 
This  equation  may  be  written  in  the  form 
<Mf«  +  2*a5y + 6y2  +  2flra;  +  2/y  +  c  =  0, 
which  is  the  general  equation  of  the  second  degree,- 
and  in  the  present  chapter  it  is  proposed  to  show  that 
conversely  the  general  equation  of  the  second  de- 
pee  must  represent  a  conic,  under  which  name  is 
included  the  circle,  as  well  as  two  intersecting,  coin- 
cident, or  parallel  straight  lines.     See  accompanying 
note. 
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shJiL  thTT     P'^'^P*^^'*'^"    ^iU    »>e    established  by 
snowing  that,  by  a  proper  selection  of  axes  and  oririn 
the  general  equation  of  the  second  degree  may  b^  re' 

tirs'oMhrn"'^^'.^^  ^'"^^  recognLrr^eequt 
tions  of  the  ellipse  (including  the  circle),  hynerlK>lk 

Na«.     (1).  I„  the  hyperboU  ^^.^=,,  If  «  and  6  become  inde- 
finitely .^.U.  but  yet  remain  in  ^  finite  „»tio.  BO  that  U;  a  finite 
quantity,  the  equation  becomes  Fx«-y»=o   or  ix    «-n  j. 
wh.ch  rep^n,  ,.„  ,^,^,,  ,„^  inteSLttrJVHe'l^.^^^^H;^ 

V~F'~  vl+^.  and  is  finite.      Also  a€=0.e=0  ;    ?=9  =  o 

t^n""<i^itr an"!  WW  "^  ^  ^ "^  ^'*««  '-*  ^  ''*  ^•'«'^«t^— 
between  the  lini  '"^*"*^  '°'""''*'«  "«*  »>*««'  ">«  ""gle 

(2).  Writing  theequation  of  the  hyperbola  in  the  form  «•-  gy»=a» 

Zi:r^JL'o2T':!^  r  r  "^"^  '"'^««-*«'^  «-».••*  takes 
rm  a^-.o,  which  represents  two  straight  lines  coincident  with 

theaxis.fy.    Here.=^,+^._,  .l^ae=  ^^T^^t;^^l^o. 

eacn  side  of  them,  and  whose  directrices  coincide  with  them. 

,  or  X    o-u,  j;  +  a  =  0,  representing  two  paraUel 

straight  lines.     Here«=    /i  +  *'_„  a    ^ 

"*™*-^'+a9-";a«  =  oo;-=o.     Thustwopar. 

allel  straight  lines  are  a  conic  whose  foci  are  at  ,„fi„.^ 

trices  two  coincident  lines  midway  be^L;^;^;™';:!^^  '""• 

(4).  ^•l-«»K,.a,..4^,,..4«(..^').,,„becomesindefinite- 
ly  «nall  while  6  remains  finite,  ^presents  two  pa«llel  stn^ight  lines. 
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V'±b.  If  6  lao  became  indefinitely  «»11.  ^  renuiining  infinite, 
the  equation  repre«,nt8  two  coincident  stmiKht  line*.  The  term  ±' 
ia  the  distance  of  the  vertex  to  the  left  of  the  origin.  *" 

111.  By  turning  the  axes  of  coordinates  throMh  a 

JSSJl!^'li'**^«  ^'  •*"•  •'^^'  «>•  fn»  in- 
volving the  product  X!,  n^y  always  be  nuule  to  disappear 

from  the  general  equation  of  the  second  degree, 
a*"  +  2Aj;y  +  %2  +  2grx  +  2/y  +  c  -  0. 
For  (§31)  we  turn  the  axes  through  the  augle  $  by 
substituting  xcostf-ysinO  for.,  and  xsinO  +  ycos^ 

beJJ^r^  *^'''  substitutions,  the  preceding  equation 

«(«  cos  0-y  sin  0)^  +  2h(x  cos  tf-y  sin  tf)(x  sin  S+y  costf) 
+  6(«  sin  tf  +  y  cos  tf)^  +  2y(x  cos  tf  -  y  sin  $) 
+  2/(z  sin  $+y  cos  d)  +c-0.     ...  .(l). 
In  this  equation  the  coefficient  of  «y  is 
2(J  -  a)  sin  9  cob  6  +  2A(cos**  -  sin'tf), 
or  (6  -  o)  sin  2tf + 2*  cos  2tf ; 

tan  2tf-^. 
a-b 

But  the  tangent  of  an  angle  may  have  any  value 

T^A^  Z  1?  ",r*    ?^°*'*  *  '''^''®  °'  *  «»°  always  be 
found  which  will  satisfy  the  above  equation. 

Introducing  this  value  of  0  in  (1),  the  term  involv- 
ing xy  disappears,  and  (1)  takes  the  form 

'^^  +  By*  +  2Gx+2I^+C~0, 
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with  which  therefore  we  may  now  deal,  with  the  oer. 
tainty  that  it  includes  aU  the  geometric  forms  that 
the  (in  appearance)  more  general  equation  of  the 
eunnoiation  can  possibly  represent 

112.  To  show  that  the  equation 

Ax^+  By^  +  2G£+2Fv+C~0. . .  .(1) 
must  represent  a  conic 

I.  If  in  this  equation  A  or  B  he  sero,  suppose  A 
it  may  be  written 

^{»*t)'--!i<'^*^-C,   ....(2) 

--'^{'-{m-^)] (8) 

(o)  Transferring  the  origin  to  the  point 
/  F*       0      F\ 

KSSq"  ^*  '  Bj*  ^^I'^^^^o^  (3)  becomes 

^y«-  -20a;, 

which  represents  a  parabola. 
(fi).  If  in  equation  (2),  G^O,  the  equation  reduces  to 

which  represents  two  panOlel  siraight  lines. 

(y).  If  in  equation  (2),  ^  =  0  and  also  ^-(7=0,  the 
equation  reduces  to 


("^D"-"- 


F  F 

W 
which  represent  two  ooincident  straight  lines. 


or    y--g,  y.__, 
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II.  If  iu  equation  (1)  neither  ^  nor  B  be  «ero    it 
may  be  written  ' 

^(-i")'*K-D'-r^?- <*> 

Transferring  the  origin  to  the  point  (--.  -  ^, 
equation  (4)  becomes  ^    "*      ■^'' 

A^^B^'.t^.^.C.  ...(5, 

(•).  If  in  (5)  J-  +  ^  -  C-  0,  the  equation  becomes 

whicn  represents  two  straigrht  Unes  lnU,.^t\ng  at 
the  ongin.  The  lines  are  real  it  A  and  B  have  dif. 
rerent  signs,  and  imaginary  if  A  and  B  have  the 
same  sign. 

(«.  If  the  right  side  of  (5)  be  not  aero,  the   equ* 
tion  may  be  written  * 

a\a^b-^)   b\a^b-^) 

Here,  if  the  denominators  of  j,"-  and  y«  be  both 
positive,  the  equation  represents  an  ellipse;  if  the 
denominators  be  of  opposite  signs,  the  equation  repre- 
sents  an  hyperbola. 

If  the  denominators  be  both  negative,  evidently  no 
real  values  of  x  and  y  can  satisfy  the  equation,  and 
the  locus  may  be  said  to  be  an  imaginary  elUpse. 

Note.  The  equation  of  a  conic,  when  the  axes  are 
obbque  must  be  of  the  second  degree.  For  if  it  wen, 
of  the  third  degree,  on  combining  it  with  the  equation 
ofa  straight  line,  we  should  get  three  points  of  inter. 
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lis.  When  the  equation 

ax»  +  2*iy  +  6y»  +  2flrx  +  2/y  +  c  -  0 
npretents  a  conic  referred  to  ita  centre,  then  0-O  and 
/-O. 

If  («h  fi)  be  any  point  on  the  couie,  since  the  centre 
ia  the  origin,  (-«,-/8)  muHt  also  be  a  point  ou  the 
curve.    Hence 

"        "         "   -2f/a-'^fi+c~0. 
Subtracting 

Such  an  equation  w^uld  make  /S:a  a  constant  ratio 
-g:f.    But  as  (a,  fi)  moves  along  the  curve,  fiia  can- 
not be  a  constant  ratio.    The  necessary  inference  is 
that  the   above  equation   is  true,  because  separately 
fir-Oand/-0. 

Hence  the  equation  of  a  conic  when  referred  to  its 
centre  as  origin  is  of  the  form 

aa!»  +  2*xy  +  6y«  +  c-0. 

114.  To  And  the  centre  of  the  conic 

ax'  +  2hxy  +  by*  +  2gz  +  2fy+e~0. 

I^*  («'» y*)  ^  the  centre.      Transferring  the  origin 

to  the  centre  (x',  y*),  the  equation  becomes  (§  30) 

a{x+xf)*+2h(x+if){y+y')  +  b(y  +  ^)*  +  2g{x  +  if) 

+  2/(y+y)  +  c-0, 
or 

a^+2hxy  +  by*  +  2{(uf  +  hy'+g)x  +  2(hif  +  bi^+f)y 

+  aar^  +  2Ax'y' +  6y^  +  2<^  +  2/^  +  c  -  0. 

But  now,  since  the  conic  is  referred  to  its  centre  as 

origin,  the  coefllcients  of  x  and  y  must  vanish  (§  113). 

Hence  oi'  +  Ay'  +  ^-O, 

ite'  +  6y+/-0j 
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irhenoe 

winch  give  the  co-ordinatos  of  the  conic's  centre. 

Evidently  the  equation  of  the  conic  when   referred 
to  itg  centre  as  origin  is 

«r!i^J\*"*  **"•  '*•""  "'  ^'  •^«*«»"  0'  the  elllp«, 
or  of  the  hyperbola,  when  the  curve  is  referred  to  to 
conjugate  diameter,  a.  axe.  of  co^)rdhiate.. 

Prom  the  note  to  §112  we  see  that  the  equation  is 
included  in  the  form  4"a"on  is 

mH^^-  "'r  *^®  ^t'^'^^ction  of  the  conjugate  diam- 
(§lld)  flr-0,  /-O;  and  the  equation  reduces  to 
axi  +  2hxy  +  hy^  +  c  =  0. 

n,.^fM°;  "iT^  T  ^°°J"ff«te  diameter  bisects  chords 
paraU  1  to  the  other,  if  («,  fi)  be  a  point  on  the  curve, 
(a, -^)  IS  also  a  point  on  the  curve.    Therefore 

Subtracting,  M^  0 ;  and  therefore  A  -  0.    Hence  the 
equation  takes  the  form 

which  may  be  written  ^^^=  ±h  if  a  and  b  have 
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the  same  sign ;  or  —  -  ^  -  + 1    it  „       j,  i  ^ 

'        a"    P~  *^'  "  «  aad  6  have  dif- 
ferent signs.    Compare  §§88,  107. 

116.  The  general  equation  of  the  second  degree 

a'''+2hxy  +  h,H2gx  +  2fy  +  c^0        (i) 

^^«iMS«iao    A   "equal  to,  greater  than,  or  less  than 
any  una  ^  +  £y  +  c=0,  and  the  eccentricity  any  ratio 

Prom  the  mode  of  its  derivation  this  is  the  eana. 

rL.L  ''^'   ''°"'  *^«  *^°  equations  may  be 

regarded  as  representing  the  same  curve 

«  =      *      _  ft         ' 

Hence 

Bence  the  curve  represented  by  (1)  is 
a  parabola  if  ab-h*^o. 
an  ellipse  if  06- A2igp;gj^^ 

aa  hyperbola  if  «6-A«  is  negative^ 
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Exercises. 

1.  Find  the  nature  of  the  conic  7jr'-2*y  +  7y»-24=0.  [Here, 
§lll,tan2«=^— ^  =  eo:  and«=45°.     Hence  for  x  substitute  2:^, 

and  for  y,  —^.    Or  1 1 16  wiU  show  at  once  its  class.  ] 

2.  In  the  conic  of  the  preceding  exercise,  find  the  semi-axes,  the 
co-ordinates  of  the  foci,  and  the  equations  of  the  directrices. 

3.  What  curve  does  the  equation  3ar»-ar  +  5y  +  7=0  vesent? 
Find  tho  co-ordinates  of  its  focus,  and  the  equations  of  . .  axis  and 
directrix.  Draw  the  curve,  placing  it  correctly  with  roepect  to  the 
original  axes.  [§  1 16  shows  at  once  that  it  is  a  parabola.  The  equa- 
tion may  be  written  (x  -  J)«=  -  f (y -^  J).  [Transfer  origin  to  (J,  -  \\ 
and  it  becomes  x*s  -  |y ;  etc.  ] 

4  Find  what  curve  is  represented  by  the  equation  (ar  -  y)»= 2(a:  -v  y), 
and  place  it  with  respect  to  the  axes.  [§111,  tan2*=-li  =  eo,  and 
*=  45'.    Turn  axes  through  45*.  ] 

8.  Interpret  the  equation  2x*-&Ey  +  3y*-f  6x-7y-t-4=0.  [The 
centre,  8114,  isgiven  by4ar-Sy.f  6=0,  8a;-6y-(-7=0;  and  centre  is 
(1,  2).  Transferring  to  this  point  the  equation  becomes  2z*-6xy 
-••3y«=0;  etc.] 

6.  Interpret  the  equation  24y- a: -y=0.  Place  the  curve.  [S116 
shows  it  to  be  an  hyperboU.  The  left  side  cannot  be  factored,  and 
.-.  it  cannot  be  two  st.  lines.  Centre,  J 114,  is  given  by  2x  - 1  =0, 
2y  - 1  =  0.    Transfer  to  centre ;  etc.  ] 

7.  Find  nature  of  curve  ar>-4*y-h4y»-2a;-hy-e=0.  Find  its 
vertex  and  axis ;  and  place  it  properly  with  respect  to  the  original 
axes  of  co-ordinates.    [Turning  axes  (§111)  through  *,  where  sin  *a 

ig,  co..=  -2^,  equation  reduces  to  (v^^^^ -^{'^^^. 
Transferring  origin  to  (-j-jTg,  -gTs)'  «in»tion  becomes 
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8    Fmd   nature  of  curve  *«-a«y+y»  +  4*  +  4y-4  =  0.      F.nd  if 
«>«.  of  co-ordinatos.     [Turning  axes  through  «•  (j  Hi),  equftion 

becomes  y--2^2(.-^,).   Transferring  origin  to(-^0).equa. 
tion  becomes  y«=  -  2 ,J2x. ]  ^  v^    / 

9.  Find  the  centre  of  «*-&ey  +  »i/»+4j._  i-iu-n    o„^   •  * 
your  r«  uu.  "y  +  »!r  +  4*  -  Uy _0.  and  interpret 

femng  the  or,g,„  to  this  point  show  that  this  equation  repr«^nte 
two  imaginary  stmight  lines.  '^«»won  represents 


11. 


12.  When  the  equattoa  of  the  second  denee  can  ha  ih^ 
daeed  to  the  fonn  {hx-k„)(h'x-k'y7=e  SSfXtoJl  ll/*" 
r«U.  .how  that  It  repre.21  an Xp^^U  ihc^"..^"' 

All?!      ?•        •*'*'''•  quantity;  the  curve  is  .-.  an  hyperbol" 
Abo  these  L-.^  ,«,  through  the  origin  which  is  the  centTof  ^ 

curve,  and  cut  the  curve  in  points  given  by  *»=f.  y.=^.  .- ,.,  ^  ^, 

finity.     They  are  .-.  the  asymptotes.] 

•IS.  Find  the  centre  of  v'-arv-&r4-ft«-i .   *~_.«     ^i.        .  . 

U.  Interpret  the  equation  ae»+4ya+  12r-8y  +  8«0. 

1«.  The  equation  y=a:tan*-?g;?;^„present.  thepathof  .p«. 
J«!tile  in  a  vacuum,  the  origin  being  the  point  of  projection  axi.  of  , 
hon«,ntaI.  axis  of  y  vertical  and  upwaiS  *  the^^STZ' ^7^1 

that  the  curve  .s  a  paraboU.     Find  co-o^linates  of  vertex  aJk  fZI 
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also  the  equation  of  the  directrix.     fPor  discussion  write  equation  in 
fonny=a,-.^.    Whence  (.-|)«=  ..J  (,_^'j  ,  ,,,.^ 

17.  Interpret  the  equation  9**  -  Hixy  +  leyS  +  6a«  -  8oy = 0. 
thlLn"^'^?'*''*T*f  ".*''"'*'^-'*'+  V«(3*  +  y)=0.  Construct 
place  the  curve,  so  showing  its  posit.,     with  respect  to  the  orig^S 

axes.     (A  parabola  by  |116.     By  §111,  t«n2*=:i*}     .-.    tan  9=2 
^  3  * 

and  sin  tf»-^,  coe*--^^.      Turning  axes  through  *,  equation  be- 
conie8y»-y+a;=0,  or(y-i)8=-(j:-j);  .♦o.] 

19.  Interpret  the  equation  ^^2xy  +  oi^-i4jc  +  (fy+u^o,  ,„d 
phice  It  with  respect  to  the  axes.  «»  v, 

20.  Interpret  the  equation  ar»+ 8xy  -  3y»+  Kte  -  2Qy  -  50=0.  Con- 
struct  the  co-oniinates  axes  to  which  in  succession  it  is  referred,  and 
finally  place  the  curve,  so  showing  its  position  with  respect  to  the 
onginalaxes.    (First  tnmsfer  to  centre.  1 
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Chapter  I.   Point  la  a  Plane.   Co^nUaatea. 

Pare  10. 

Paffel2. 
J  AM   2.  Side. 4^      8.  (2+2^.  2+2^).  (2-2^8.  2-2  JJL 

6.  Sides,  VIO,  2^10;  diagonJs,  3^2. 

7.  Sides.  8^2,  v'«;  diagoniJs,  ^17,  J29. 

8.  x>+y>.f.2x-4y-4=a    9.  8or -2l 

10.  (/*'^=(*'-«')»+(y'-y^.+2(;c'-*^(y'-y^oo.«, 

Pages  14-15. 

^ (I-;)' (41)' (-.-!>  ^(V.«).(?.o> 

Pace  17. 

t  18.    2.  25J.    4w  1|.    6.  S-x-2y;  *+2y-i 


Chapter  II.    B^aations  aad  Lad. 

Paces  84^86. 


1.  »-(-0aa     2.  x-yaO,  orx+y=a 
8.  (1).  2ar-5=0;  (2).  »=0;  (3).  x-v= 


6.    4je-3y  =  8.      7.  4ajr=e».     8.  y«^ 


y=2:  (4).  x-y=0.    5.  y-«+«. 


10.  &r«-y«=a     IL  »»-ftr-4y 


2r.    9.  a5««2jr;   (0.  0),  (2,  2)t 
+  13=0.      12.  a!»+»«-2(u:=a 
213 
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S*  Jf***?;?*"'**'"^-     »4-  Str-3y  +  6=0. 


Chapter  III.    Tfce  StriUght  Line. 

Pages  40-41. 

7.*:+4y+ao=a     8.4x.7y.,9=0.-!».     19.        9.  5,.3y=0. 
10.te+ay+8=0.     ll...y.9=b.     12.  Find  itainten.pt,  on  axea 

Pages  44Mi6. 

?  '"m"*  .  *•  y'-s/SCaJ+T).  7^3.    6.  «-v  /3-Ol 

J.  »^A»^•y+8.0.       7.  ar+y^3+3«a  8   L3    f "J  „    n 

9.  Bq«^onisy=.-2;  angle.^";  intercept.  -  a '^''^^'"*' 
la  lliey  are  parallel  ^ 

*i-at  yi-y»   '     ^«""»^'*»teiny=:m(ar-a). 

12.  y=*^3  +  8- ^3;  y= -ar^3  +  6+ V3. 

Paces40-6a 

a  a:^/^+y«12L    4.  x-y^3  +  8»Q. 


'  ;?§  N«2  ;^ 


7   *-7      y-l 

'•eoseO'^^i^W^  «>r«>/3-y=7V3-l.      9.  x^3+y^S^3-2. 

Page  62. 

4.  A«l,  £«-4,  andlinei8a?-4y=l. 

Pages  67-69. 
t  9ftc+l7jr-ii.a    2.«+^=a    «.j!i,ed 


point  is 


(y-h> 
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p  ar-(-4)    y-0 

"a       5 

*°*  ?  '"l'L**  '^'"'^  ""  °'  *•  P^"^«  '"  <»'"«*<«»»  t^'wwl  .,i,  of 
5^  T  """''^  «(«.*)  be  above  axis  of  r.  positive  for 
di«ctio»  from  axis  of  x;  i.e.  positive  for  di^ion^^  ^hll^h , 

^:JS'   :jS:    **-*^'  +  «2y=I<W!l9x+18y=7a  Aharmonicpenoil 

Pages  60-62. 

4.  fe  +  l^-4=o.    6.  *  +  »y  +  36=0;(fa:+lly+a6=0;to+2y_so=0 

&  45*. 


6.  «+y-4=0;  2ar-y-l=,0;  a--2y  +  3=0      7??       " 


37' 

""  l?"?^.^^^^^*''  i»(«-4)-^(y-3)=a     Because  the  daU 
are  not  suffeieiit  to  fix  the  lines  geometrically. 

"**^'     *«-2;?|i-     ".  to-6y  +  2  =  O;7«-4y-2  =  0;x-y-2=0. 

18.  m»tena;  i.e.,  *=«.     jg.  2*-8y  +  7«0;  41=;   il. 

20.  P«Pe««culars  through  origin  on  given  sides  ifre  4x-3y=0 

Tli^m      ^««j:^*i'f*-«»«d«- give  angular  point- (-6:-8>; 
(12, -6)  J  and  third  side  is  x-9y- 68=0.  ^      •    "/i 


Pages  66-66. 


216 


Analytical  Geometry. 


7.  .JW.     8.  2ar  +  y±SV«=P.  ,^ 

10    *»-<*  +  «      .a  +  25-7      ^ 

6        ~*     \/5     •    Thi.  i«  of  firat  degrae  in  a  and  6,  mad 

tlierafor.  the  locu.  of  (a.  ft)  murt  b.  on.  or  other  of  the  ntndAt 

Page  69.  \ 

i.  Opposite;  negative;  podtire. 

8.  The  origin  lies  on  the  positive  side  of  each  line,  and  (1  -  Jl3)x 
-(«-  yi3)y  +  (30-6Vl3)  =  0  is  the  bisector  of  angle  in  M 

*"  !i'3!Mf.//L^'!r'7o*'  *'""*''  (1.2);  «H-2y  -  10=0thro«gh 

'•  ;j-j;^/2)«-(3-^)y  +  6=o  through  (1,2);  Or-y- 6=0 through 
(4,  3).    Point  of  intersection  (4  -  ^,  8  -  2  ,^). 

Pages  72-78. 

^  '*  o"''*'^?  ""**  I**»  through  (c,  c). 

2.  Line  always  passes  through  / L_    _      ^      \ 

\£sinw'      kaiavl' 

a  ?±?_y.  ^-«      y   /    I  \ 

3a   ~6'  IT-  "fc'  \®'  3*j-     *•  **-y  =  i(ai-6). 

6.  Locus  of  «  is  {A-Bccm»)x  +  (B-AcoH»)!,  +  C»ui^m=0. 

7.  Fixed  point  through  which  AB  posses  is  M^'  -  "^)    Hg-fnf)  \ . 


Cliapter  IV.    Change  of  Axes. 

Pages  78-80. 

1.  «+8forx;  y  +  4fory.     2.  x-4forx;  y-3fory 

*•  ^"';'~-«'--|'«neO-  =  J(x-y,/3);    fory.xsi„flO-  +  yeos80« 
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+yoo«(-3(r)  =  J(-a;+y^3).  ' 

5.  Por«,«oo.l8(r-y.inl8(r=  -x,  fory,x«nl8(r+yco.l8Cr=  -y 

6.  S«-<^y-o.     7.  y=0.x=o.     8.  y»=i,.     ».  x«+y«=i8. 

10.  Yefc     AX  +  ....0.      11,  (x-a)«  +  (y-6)i=^.      12.  ^i+yi,*. 

18.  It  remains  x*+y*=r>.     14^  3**  +  4y»-l=sO. 

16.  Yes.     Tr.n.f«rto(0.  -2).     x«+ay-«,+y=0.    Locuamurt, 
through  origin.  ' 

18.  «•+ V=  1.     17.  The  angle  whose  tangent  is  I.     y  JJT-  I-tt 
18.  «•.     ««-y»=2i«. 


Chapter  V.    The  Circle. 

Pages  84-85. 

1.   (1).  a:*+y»-to  +  (^y=0.     (2).  «»  +  y»-(te-4y-3=0. 
(3).  a!«+y«  +  8a:+7=0.     (4).  ««  +  y»+l(te+l()y  +  26=0 
(«).  3:*+y*  +  6a;-^=0. 

2.(1).  (3.1)  and  2.     (2).  ( -  3.  -  1)  and  2.     (3).  ( -  4.  0)  and  4. 

.       (4).  (0.  0)  and  ^     (5).   («  |)  a„d  j  ^aTTF.    (6).  (  -/.  -  J,)  «Ki  ■ 


and 


^/6«  +  r' 


2i( 


8.  a^ +y« -  8x  -  7y  + 15 =0.    4.  (2.  0),  (5,  0).    5.  C=(k 
6.    -2A,  -25.     7.  a:»  +  y»-«Mr-6y=0. 

Pa«res  JO-91. 

1.  «  +  5=0;  3*-4y-25=0;  «-2V6y+25=0;  ar±  ^Ty  +  25»a 

2.  x-y^3±2r=0;  af^/3-y±2r=0 ;  ar-y±r^=0 

4.  feg+aytr^a«+t«=0;  ^x  +  5y+r^/:i^ir5J=0; 

Bx-Ay±r^A*+B*=0. 

5.  r«±  ^^ZT^ar.     6.*=  ±2^/2.     7.  C«=r»(4«  +  ^        ,, 
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Pages  M-95. 
'•(-A"-|)'^g7|4     2.  «».y..2^.2^y4 

4.  ^A-A')x  +  2{B-B')!,+  C-C'  =  ti. 

6.  The«e  cirele.  .r«  circle,  of  th.  series,  namely  when  X  =  0«nd  X  =  co. 

7.  Radical  axis  is  x=0.      8.  Ratio  -_F~^ 

Sh-k' 

9.  Radical  centre  is  / -    ^"^     ol 

10.  Locus  of  radical  centre  is  ^°^-«''    2fe»  +  2cy-ft«-e« 

Pages  100-101. 

6.  x  +  my  =  0.      7.  (x  +  ^)  +  X(y +  |-,=o,  whe..  X  i«  variable. 
8.  When  pole  is  without  circle ;  when  pole  is  on  ci«;Ie. 
12.  We  must  have  J  =  ^,  a„d  then  r'=  -  pf  =  _  ct 

Pages  104-105. 

1.  The  circle  ar'+ys=j(c2_2a2). 

2.  Locus  is  circle  «*+y2  +  2-y-a«=0. 

3.  The  circle  is  ^  +  ,^=^  +  a\      4.  The  circle  ;r»  +  y»-«=o 
6.  The  circle  x* + y*  +  r^  _  2r' = 0, 

6.  Locus  is  circle*»+(y--lj^|^_„,) 

7.  Thecirclex«+y«-^,.=o.     8.  Thecircle  {.^(n-l^.^y,^,^.. 

9.  Thecircle*«+y»-r»=«»{(a:_a)»+(y_5)2l 

10.  The  circle  «»+,»- 2aeot*.y=a« 
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Chapter  VI.   Tke  Panib«I«. 
FaffM  UO-llZ 

7.  {«(S+2V2).a(2+2V2)};  {«(3-2^).«(2-2^)}. 
••  \M,  4a*6*)-    10.  8a ^3.     18.  The  point  (4a.  0). 
H.  io(  ^±2).    Note  that  one  value  is  +  ,•«.  and  other  -  w. 

16.  «'+y*-&u;sa 

17.  ftoductof  ordlnatea  -  -4«6,  product  of  ab«;iMM  .fi* 

la  ??.  -^ 

19.  A  parabola  whose  focus  to  centre  of  circle,  and  directrix  parallel 
to  given  line,  at  disUnce  from  it  equal  to  radius  of  circle. 

20.  DMcrlbe  two  circles  with  centres  P,  f.  both  passing  through  F. 
«nd  draw  a  double  tangent  ™ugn  y, 

21.  ^'"i-eq'-l  to  sum  of  distances  of  P,  P'  from  directrix,  and 
therefore  middle  point  of  PP-  to  \  PP-  from  directrix. 

Pages  119-121. 

8.  To  find  ar's  of  points  of  intersection  we  get 


A   «,     a     .    2a 


t»V-2ax+^=0.  a  complete  square.     4.  xTy+a=0. 

6.  ar±y-So»a      6.  &c-y^3+l«0.      1.  (I,   ±\. 

9.  a:+y+«»0;  «-2y  +  4a=0.     10.  y^±{x+a^2). 

1 1.  *=g(l  +  ^^5).  y=±a  V2T2V3.     14.  Circle  on  /T as  diameter. 

18.  Lines  in  question  are  «;s/3+y-a;^»(^  «-y^/3-«»a 
21.  a*»+&*y+a*fc*=0. 


3.  /> 


Pages  126-127. 
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••(S.-¥)'(A.      1*> 

•.   Int««ctlon  u,  (-1,,  ^,(«  +  ^,, J  ,  „fc„^  „,  ^^  ,^ 

7.  PoUr  of  foot  of  directrix  (  -  a,  0)  l«  a:  -  a =a 

'''•  s^igM^rx '"  ''^"••'^=*"<'-''  *»"«»'  •'->•- 1-- 

Pa«M  129.181. 

^(V*-i>    «-^— •    7.y«=a.(.-2).    8.y=«(ia.). 
10.  Tho  «t«ight  line  ar-2a  =  4oill  +  !?„ 

*?  2r" 
PlWel82. 

l.(-l,2)j«+l-0,(-l.|),   y_J„0. 

2.  «,¥);«- 4=0;  (J,V);y-H=a 

a.  (I.  -V);*-f=0;  (I,  -4);y*',»-;; 
*•  (-«.S)jy-3=0;  (-V.3);  «  +  V=a 
».  2y=-21+8r-ar»5  (4.-4);  ar. 4=0. 


<*«pterVIl.    TheElllpM. 

Pares  189-142. 

••'*-— r:^5—'*;ft»=(i-^»oo8»«)r».    7.  ^+^_. 

16^9  -'•      **  55+55^^75)='       1*.  34**-24xy  +  41y»=126a 
15.  E«ipsei.^^  +  ^^=,.     ,6.  The  ellipse  $^^=l. 


f 


fj 


Answibs.  221 

PaffM  160-162. 

4.  *+jf^8-3-0,  &*-y^/3  +  9-0.     6.  Tie axi. minor  produo*!. 

21-  x±y»  ±  ^3TP.  ' 

Pages  168-16a 
t  PoUroffootof  directrix (2  o) tax- «=.a    2.  C-^', -^\ 

8.TheoonditionJne«5hc«ei-^  +  -^»(a.-ft.).     6.  y^-2?x'. 
on  the  •«x,L«y  circle.  8.  Both  pass  through  f!Jil! 

11.  /a — r-a-—.  rill        J  *        ?f!4.yy'_*''^y? 


o*"*** 


tt.  The  pole  i.  a  point  at  infinity  in  »  dir«5tion  making  an  angle 
««n-3pwithOx.  14.5.  +  *»'=0. 

^+^+r  ^+^  +  i)'  »«»<J«nejoiningcentretomiddle 


point  of  ehordia 


«-5-&»«'H=o.«vs= 


g y 

Pftflres  lW-172. 


P' 


2.  |s/P^-^^,?rp. 
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6.  The  equation  of  the  locus  referred  to  Ox,  Oy  as  axes  is  *»  + v»= 
^V  ^''  ^  ^^"«  ^^^-  *'  *•>«  directions  of  equal  conjugal. 


diameters. 

8.  Chord  of  contact  iH~-^  =  —. 
I    m    Ix' 

22.  ^.f:=?. 


10.  The  ellipse  ^+1^=4. 


Chapter  VIII.    The  Hyperbola. 

Pages  179-180. 

-  e     x'7       a 

2-£    9"='-      3.  ar^-V^e.      4.(^3-1)^3.(^5+1)^3. 

6.  The  2a  of  the  hyperbola  is  the  distance  sound  travels  while  the 
bull  is  in  flight. 

6.  a;''-y''=2-     7.  ll**+9&ey  +  3V- 138x-284y  +  251=0. 

8.  2a:»-y»=5.     10.  The  centres  of  the  given  circles  are  the  foci  of 
the  hyperbola. 

11.  In  it  a'^Hr  -  r')«.  ft*=i»  -  ^(r  -  /)».     12.  J(  ^5  + 1 ). 

Pages  182-184. 

1.  ±«-y=l.     2.  m=±-.      8.  The  values  of  m  are  given  by  the 

quadratic  mV  -  6»=  (i  -  »»*)». 
4.  Impossible  when  ».»<^'.     6.  Impossibb  when  J]-  ^- 1  is  posi. 

tive,  i.e.,  when  (A,  k)  is  on  concave  side  of  hyperbola. 

Pages  IK-:  186. 

^•(-^"'•?0-     2.  Pohirof  («   o)i,,       e. 
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9.  /= 


«V' 


6'j:' 


^'_yy'_£^    y^ 


y 


I  "•  ] £'.C  *I-  _  y'4 '  *»"«*  ">«  lies  on  line  *  - i 

Pages  188-189. 
1   ~j.y_n.  *   y   />     «    y 


^^5^6^=^'  «-ft  =  0i8  conjugate  to  itself,  and  meets  curve  at  in- 


fi«%;  J  +  y  =0;  6^-2ay=0.    4. f ^FT6^^-|^13r:^=o. 

my" 


6.  Chord  of  contact  is-- i^-?[l  „r- *'    ,  i,       ,  ,     ..  . 

/     m-lx"  "'  =^"  *•>««  (-^ .  y^)  is  »  point  on 
IX    mi/  ' 


Pages  198-200. 

10.  Y«8.     IUequ*tioni»^-^=,. 


«l»PtorIX.   ««neral  Eqwitlon  of  Second Degrw. 

Pages  209-211. 

1.  When  axes  are  turned  through  45»,  a»r»  +  4y9=  12,  an  eUipm. 

2.  2.ad  V3;(^,.-^^)and  (-;),.- ^>..y±4V2=a 

''ir^o'ipo^rtTJV'""'''*''^'"*'^^^^      '^ 

4.  R«iuoed  equation  is  y»=  ^.  a  patuboU.    Hence  with  original 

axes,  tangmt  U  vertex  is  x+y=0,  and  axis  is  «-y«a 
6.  Th««tndghtlin«e2»r-3y+4=0,a;-y+l.a 


224 


Analytical  Geometbt. 


It  • 


6.  Transferred  to  centra  equaUon  become;  ;=y  =  J,  hyperboU  referred 

to  asymptotes  (present  axes)  as  axes.    Curve  lies  in  first  and 
third  quadrants  of  axes  through  (J,  J), 

7.  Parabola.     The  successive  changes  of  axes,  with  final  equation, 

show  positions  of  vertex  and  axis.     8.  As  in  Ex.  7. 
9.  Equations  giving  centre  (§114)  are  both  x  -  3y+2=0,  Le.,  there  is 
a  line  of  centres.     The  equation  represents  two  parallel  lines 
a:-.1y=0,x-3y  +  4  =  0;  and  a  point  on  x-3y  + 2=0  bisects  any 
liuo  intercepted  by  the  parallels. 


10.  (3,  4).  Transformed  equation  is  3**  -  ary  +  y* = 0,  or  x  - 


1  +  V,'  -  2 


1-  v/-2 


_0,  a: 1 y=o.  11.  Centre  (1,  2).  Origin  being  trans- 
ferred, and  axes  turned  through  45°,  equation  becomes  7««-  Sy* 
=  10,  au  hyperbola. 

18.  ^ntre  (  -  5,  -  5).  Origin  being  transferred,  equation  becomes 
y»-a!y=l,  an  hyperbola,  asymptotes  (Ex.  12)  being  y=0, 
X  -  y=0.  We  see  in  what  angle  between  asymptotes  curve  lies 
by  putting  x=0,  which  gives  y=  ±1. 

M.  Centre  (2, 3).  Transferring,  equation  becomes  y»-«y- fix* +21=0, 
an  hyperboU  With  asymptotes  3x-y=0,  2x  +  y=0.  Curve  lies 
in  angle  in  which  axis  of  x  is. 

15.  Transferred  to  centre  ( -  2,  1),  the  ellipse  3*»  +  4y«= 8. 

16.  Transferring  to  (J,  g).  the  equation  isx«=  -ly,aparaboU. 
Hence  vertex  is  f^.  J)  ;  focus(|.  «-^); directrix y=-i-i. 

17.  The  paraUel lines  3x-4y=0,  3x-4y  +  2a=0. 

18.  An  eUipse ;  centre  (3,  -  2) ;  axis  minor  at  angle  45*  to  Ox ;  axis 
major =2;^  minor =2l 

20.  An  equilateral  hyperboU;  centre  (1,-2);  transverse  axis  in- 
olinwi  •()  w.ifltle  tMi-»|  to  Ox ;  semiaxis=S. 


APPENDIX. 


The  following  methods  of  obtaining  the  equations  of 
he  ellipse  and  hyperbola  may  be  thought  simpler  than 

rlrnfr"  "'  ^^  "'•  '^'  '''  '^""^  "'  '^°^^  ^^^«^««  ^^« 

Co  (a).  To  find  the  equation  of  the  Ellipse. 
Divide  FZ  externally  in  C,  so  that 

CZ~ 

Take  C  as  origin,  and  axes  as  indicated.     Let  a  bo  such 

a  length  that  CF=  ae.    Then  CZ=  —  =  2?  =  '^ 

6^      g2     e* 

.-.   NF=a€-x;  PM=^-x. 

e 
Then,  by  definition  of  ellipse, 

PP_ 

PM'"' 

.-.  PF^  =  e^PAP; 

.-.  a?(l-c2)  +  2/2  =  a2(l-«2). 

o2    a2(l-c2)       ' 
which  is  the  equation  of  the  ellipae. 
The  equation  is  usually  written 

^'  +  2^=1 

a2-6« 


where  b^  =  a%l-t?),  ore2=! 
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90  (a).  To  find  the  equation  of  the  Hyperbola. 
Divide  Z/' externally  in  C,  so  that 


CF 
CZ 


=  f2. 


■  =  e 


Take  C  as  origin,  and  axes  as  indicated.     Let  a  be  such 

a  length  that  ('F=  ae.     Then  CZ=  ~  =  ^^" 

e^      ^     7 

:.   FX=r-ae;   MP=x-^. 

e 
Then,  by  definition  of  hyperbola, 

PF 
MP 
:.  PF'  =  ^Mpi- 

better  written  ^^-^^^^^  since  ^>1,  the  denomin- 
ator of  y^  thus  becoming  positive.  This  is  the  equation 
of  the  hyperbola. 

The  equation  is  usually  written 
where  b^  =  a\^  -  1 )   or  e^  =  "'  +  ^'. 

,8 


o" 


\ 


t 

^ 

4 

'>'^ 

.-/'-      -'           ■            ■ 

. 

/ 

